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CLASSIFICATION OF EQUIVARIANT VECTOR BUNDLES 
OVER TWO-TORUS 

MIN KYU KIM 



Abstract. We exhaustively classify topological cquivariant complex vector 
bundles over two-torus under a compact Lie group (not necessarily effective) 
action. It is shown that inequivariant Chern classes and isotropy representa- 
tions at (at most) six points are sufficient to classify cquivariant vector bundles 
except a few cases. To do it, we calculate homotopy of the set of equivariant 



1. Introduction 



In the previous paper [Ki] , we have exhaustively classified topological equivariant 

f\^ , complex vector bundles over two-sphere under a compact Lie group (not necessarily 

effective) action. To do it, we have calculated homotopy of equivariant clutching 
maps. Two-sphere has relatively small number of effective finite group actions and 

f^ those actions deliver typical equivariant simplicial complex structures (for example, 

regular polyhedron). By using this simplicial complex structure, we have reduced 
the calculation from the whole 1-skeleton to an edge, and this makes the calculation 
possible. But, readers might have doubted if our method would apply to other 
spaces. 

In this paper, we would do the same thing over two-torus. However, a finite 

^ group action on two-torus does not have a typical equivariant simplicial complex 

structure. Also, the calculation of homotopy of equivariant clutching maps is not 
reduced to an edge, but to a union of edges (sometimes a loop). This is a general 
situation which we should face in classification of equivariant vector bundles. So, 

l/"~) ■ results of this paper will make readers confident that our method is general and 

C^ | applies to other spaces. 

To state our results, let us introduce notations. Let A be a lattice of R 2 . Let 
2 ,A) be the group {A <E Iso(R 2 )|A(A) = A}. Let Aff(R 2 ) and Aff(R 2 ,A) 
be sets of affine isomorphisms x i-> Ax + c for x,c € R 2 , A € Iso(R 2 ) and € 
Iso(R 2 , A), respectively. Let Aff t (R 2 , A) be the set of all translations in Aff(R 2 , A). 
Let 7r : R 2 -> ]R 2 /A, x n- [x] be the quotient map, and let Aff(R 2 /A) be the 
group of affine isomorphisms of R 2 /A, i.e. the group of all [x] H ► [Ax + c]'s for 
A € Iso(R 2 , A). Let Aff(R 2 ) and Aff(R 2 /A) (and their subgroups) act naturally on 
R 2 and R 2 /A, respectively. Let vr aff : Aff (R 2 , A) -» Aff (R 2 /A), Ax + c n- [Ax + c] . 
Hereafter, we identify Aff t (R 2 , A) with R 2 so that ker7r aff = A. Let Aff t (R 2 /A) be 
the group n a s (Aff t (R 2 , A)). Let a compact Lie group G act afimely (not necessarily 
effectively) on two torus R 2 /A through a homomorphism p : G — > Aff(R 2 /A). For 
a bundle E in Vectc(R 2 /A) and a point x in R 2 /A, denote by E x the isotropy 
G^-representation on the fiber at x. Put H = kerp, i.e. the kernel of the G-action 
on R 2 /A. Let Irr(iJ) be the set of characters of irreducible i?-representations which 
has a G-action defined as 

(g-x)(h) = x(g- 1 hg) 
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2 MIN KYU KIM 

for h 6 H, g € G, and x G Irr(iJ). For x £ Irr(iJ) and a compact Lie group if 
satisfying H < K < G and K ■ % = X> a ^-representation VF is called y- isotypical 
if res|| W is x-isotypical, and denote by Vectx(R 2 /A, x) the set 

{E G Vect K (R 2 /A) | .E x is x-isotypical for each x G R 2 /A} 

for x € Irr(if) where R 2 /A has the restricted if-action. In the previous paper [Kij . 
classification of VectG(R 2 /A) has been reduced to classification of Vectc (R 2 /A, \) 
for each x G Irr(iJ). 
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The classification of Vectc (R 2 /A,x) is highly dependent on the G x -action on 
the base space K 2 /A, i.e. on the image p(G x ), and classification is actually given 
case by case according to p{G x ). So, we need to describe p(G x ) in a moderate 
way. For this, we would list all possible finite p(G x )'s up to conjugacy, and then 
assign a fundamental domain to each p(G x ). Cases of nonzero-dimensional p(G x ) 
are relatively simple and separately dealt with as special cases. 

Now, we would list all possible finite p(G x ) up to conjugacy. Let R be a finite 
subgroup of Aff(R 2 /A), i.e. R acts effectively and affinely on K 2 /A through the 
natural action of Aff (R 2 /A) on M 2 /A. Let R t be the translation part i?nAJF t (R 2 /A) 
of R, and put A t = n^(R t ). Then, R/R t is isomorphic to the subgroup {A G 
Iso(R 2 , A) | L4ic-r-c] G R}, and we will henceforward use the notation R/Rt to denote 
the subgroup. For simplicity, R/Rt is confused with the subgroup Kas(R/Rt) of 
p2 /A) according to context. Let A sq and A cq be lattices ((1, 0), (0, 1)) and 



((1,0), (1/2, V3/2)) in R 2 , respectively. Let Z n be the cyclic group (a„) which is 
the subgroup of Iso(R 2 ) where a„ is the rotation through the angle 2tt/ti. Let D n 
and D ni ; be dihedral groups (a n ,b) and (a„, a/„6) with I £ Q* which are subgroups 
of Iso(R 2 ) where b is the reflection in the £-axis and ai n is the rotation through the 
angle 2ir/nl. If A in R 2 is preserved by one of these cyclic and dihedral groups, then 
the cyclic or dihedral group is also regarded as a subgroup of Aff (R 2 / A). In Section 
[51 it is shown that each finite group in Aff(R 2 /A) for some A is conjugate to an R 
entry of Table [Ol Let us explain for the table except cases when R/Rt = Di, D 1; 4 . 
Cases of R/Rt = Di,Di :4 are explained in Section [H In each row, pick one of 
groups in the R/Rt entry, and call it Q. And, denote by L t the A t entry in the row. 
Also, pick any sublattice in L t which is preserved by Q and satisfies the restriction 
stated in the A entry in the row, and call it just A. Then, Q,L t ,A determine the 
semidirect product n a ff(L t ) xi 7r a ff(Q) in Aff(R 2 /A). Denote it by R. So defined R 
satisfies R t = TT a fi{L t ), A t = L t , R/R t — Q- In this way, R/Rt, A t , A entries of each 
row determine the unique R. Since each finite group in Aff(R 2 /A) for some A is 
conjugate to one of these i?'s, it is assumed that p(G x ) — R for some R of Table MTT1 
in this section. In the below, it is observed that two groups with the same R/ R±- 
and A t -entries behave similarly even though their A's are different. 
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Figure 1.1. Some polygonal domain 



To each finite group R in Table ITTTl we assign a polygonal area \Pr\ in Table rOl 
called a two-dimensional fundamental domain according to its R/Rt and A t . Let 
Pl q ,P^ sq , Pg q ,Pg q be gray colored areas defined by regular polygons in Figure fOI 
where dots are points of A sq or A cq . And, let P^ q ,P^ cq be convex hulls of 
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Table 1.2. Two-dimensional fundamental domain 



In dealing with equi variant vector bundles over two-torus, we need to consider 
isotropy representations at a few (at most six) points of JR 2 /A. We would specify 
those points. For this, we endow \Pr\ with the natural simplicial complex structure 
denoted by Pr, and we would label its vertices and edges. For simplicity, we allow 
that a face of a two-dimensional simplicial complex need not be a triangle, and we 
consider an n-gon as the simplicial complex with one face, n edges, n vertices. Define 
in as the integer such that |Pr| is an i^-gon. Put v° = O when R/R t ^ Di,Di,4 
where O is the origin of R 2 . Put v° = l/2c when R/R t = Di, Di, 4 with Ac + c = 0, 
and put v° — 1/25— 1/21q when R/Rt = Di,Di4 with Ac + c — 1$. Label vertices 
of Pr as v % so that v°,v 1 ,v 2 ,- ■ ■ , t> Ii?_1 are consecutive vertices arranged in the 
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Table 1.3. One-dimensional fundamental domain 



clockwise way around Pr. We use r Li R as the index set of vertices. Also, denote by 
e % the edge of Pr connecting v z and v t+1 for i £ Zi R . For any two points a, bin | Pr | , 
denote by [a, b] the line connecting a and b. Also for any points a*'s for i = 0, • • • , n 



in |Pr|, we denote by [0 



the 



of 



p+i], 



]'s for i = 0, 



,71 



1. 



To each finite group P in Table 11.11 we assign the union P^j of lines in Table 
11.31 called a one- dimensional fundamental domain according to its R/Rt and A t . 
Here, b(a) is the barycenter of a for any simplex a. For each Dr in Table 11.31 
express Dr as [a , ■ ■ ■ , a\ • • • , a" a_1 ] where we respect the order of a"s and ur is 
the number of a"s. If [a , a 1 } C |e io | with < i < i G - l L then put rf 1 = a* -10 
for each zq < i < z'o + 71r — 1. In addition to these, put dr 1 = 6(Pr). Denote 
{i G Z|* < « < io + n R - 1} by I R , and_denote Ir - {i + n R - 1}, I R U {-1} by 
1^, Ift, respectively. So, the set of all cP's and Dr are expressed as (d l ) ieI + and 

(Jjcj- [d l ,d l+1 ], respectively. For example, in the case of R/Rt = D2.3, d 1 = 6(e 1 ), 
d 2 = v 2 , d? = w 3 , J 4 = v°, rf 5 = u 1 , and Ir = {1, 2, 3, 4, 5}. Also, denote by d l the 
image 7r(cf ) for each z € Ir- These <f's are wanted points. The ~ entry of Table 
11.31 is explained later. 

When P = p(G x ), we simply denote Pr, Dr, Ir, Ir by P p , D p , i p , I p , respectively. 
Next, we define a semigroup with which we would describe isotropy representations 
at {d l ) ieI + of bundles in Vect Gx (R 2 /A,x)- 



Definition 1.1. Let A G JM. 2 /A, yJ be the set of (|f+|)-tuple [W d i) l I+ 's such that 
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(2) W d -i is y-isotypical, 
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Here, C{x) = 7r([a:, b{P p )\) for x £ d\P p \, and \e l \ is the image 7r(|e*|). Also, (G x )c(s) 
and (G x )i e »i are subgroups of G x fixing C{x) and |e*|, respectively. And, let p vec t '■ 

Vect Gx (R 2 /A,x) -> A Gx (R 2 /A,x) be the map defined as [E] 1-4 (E d ,) ieI+ . 

Groups (G x )c(x) and (G x )i e ii are calculated in Section^ andp V cct is well defined. 
Now, we can state our results. Let C\ : Vect Gx (R 2 /A, \) — > H 2 (M. 2 /A) be the 
map defined as [E] t-> c\(E). Denote by l p the number |p(G x )|. 

Theorem A. Assume that R/Rt = Z„ for n = 1,2,3,4,6 w/ien p(G x ) = R for 
some R of Table \l.ll Then, 

Pvcct x Cl : Vect Gx (R 2 /A, X ) -> A Gx (R 2 /A, X ) X ff 2 (R 2 /A) 

is injective. For each element in Ac (R 2 /A, x), ifte sei 0/ i/ie /irsi Chern classes 
of bundles in its preimage under p vcct is equal to the set {x(id)(Z p fc + ko) \ k £ Z} 
where fco is dependent on it. 

Theorem B. Assume that R/Rt = Di with Ac + c — lg when p{G x ) = R for some 
R of Table ["PI for eac/i element in Aq (M 2 /A,x), *fe preimage under p vcct has 
two elements which have the same Chern class. 

Theorem C. Assume that finite p(G x ) is not equal to one of groups appearing in 
the above two theorems. Then, p vcc t is an isomorphism. 

Theorem D. Assume that p(G x ) is one- dimensional. Then, there exists a circle 
C in R 2 /A such that the map G x X( G \ c C — > M 2 /A, [g, x] i->- gx for g £ G x , x £ C 
is an equivariant isomorphism where [G x )c is the subgroup of G x preserving C. 
And, 

Vect Gx (JR 2 /A, x ) -> Vect (Gx)c (C, X ), E ^ E\ c 
is an isomorphism. 

In Theorem [B] two bundles in each preimage are not distinguished by Chern 
classes and isotropy representations, so it might be regarded as an exceptional case. 
In |Ki2) . we explain for this case by showing that the two bundles are pull backs 
of equivariant vector bundles over Klein bottle which are distinguished by Chern 
classes and isotropy representations. Since equivariant complex vector bundles over 
circle are classified in [CKMS , Theorem |Pl gives classification of Vect G (R 2 /A, \) 
when p(G x ) is one-dimensional. 

This paper is organized as follows. In Section [21 we list all finite subgroups of 
Aff(M 2 /A) up to conjugacy. In Section [3j we prove Theorem [Dl In Section [4l 
we consider M 2 /A as a quotient space of the underlying space of an equivariant 
simplicial complex which will be denoted by JC p . And, we investigate equi variance 
of R 2 /A by calculating isotropy groups at some points which come from vertices 
or barycenters of \JC P \. In Section [5l we consider an equivariant vector bundle over 
R 2 /A as an equivariant clutching construction of an equivariant vector bundle over 
\K P \. For this, we define equivariant clutching map. In Section [6l we investigate 
relations between homotopy of equivariant clutching maps, Vect G (R 2 /A,x), and 
Aq (R 2 /A, x). From these relations, it is shown that our classifications in most cases 
are obtained by calculation of homotopy of equivariant clutching maps. In Section 
we review the concept and results of equivariant pointwise clutching map from the 
previous paper jKij . and supplement these with two more cases. In calculation of 
homotopy of equivariant clutching maps, equivariant pointwise clutching map plays 
a key role because an equivariant clutching map can be considered as a continuous 
collection of equivariant pointwise clutching maps. In Section[8l we recall two useful 
lemmas on fundamental groups from Ki . In Section [21 we prove technical results 
needed in dealing with equivariant clutching maps through equivariant pointwise 
clutching maps. In Section [Tul and [TTl we prove Theorem El [Bl [Cl 
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2. FINITE SUBGROUPS OF Aff(R 2 /A) 

In this section, we list all finite subgroups of Aff(R 2 /A) up to conjugacy, and 
explain for two-dimensional fundamental domain. 

First, we introduce notations on the group of afhne isomorphisms on two torus. 
Let A be a lattice of K 2 . Let Iso(R 2 , A) be the group {A e Iso(R 2 )|A(A) = A}, 
and let Aff(R 2 , A) be the set of affinc isomorphisms x M> Ax + c for x, c € K 2 
and A e Iso(R 2 ,A). Let Aff t (R 2 ,A) and Aff (R 2 ,A) be sets of all translations 
and all orientation preserving affine isomorphisms in Aff(R 2 , A), respectively. Let 
it : R 2 — >• R 2 /A,x H- [x] be the quotient map, and let Aff(R 2 /A) be the group of 
affine isomorphisms of R 2 /A, i.e. the group of all [x] M- [Ar+c]'s for A <G Iso(R 2 ,A). 
Let Aff(R 2 ) and Aff(R 2 /A) (and their subgroups) act naturally on R 2 and R 2 /A, 
respectively. And, a compact Lie group R is said to act naturally on R 2 or R 2 /A if 
the action satisfies the following two conditions: 

(1) R is a subgroup of Aff(R 2 ) or Aff(R 2 /A), 

(2) the inaction is the action as a subgroup of Aff(R 2 ) or Aff(R 2 /A), respec- 
tively. 

Let 7r aff : Aff(R 2 , A) -> Aff(R 2 /A), Ax + c^ [Ax + c]. We identify Aff t (R 2 , A) with 
R 2 so that ker7T aff = A. Let Aff 4 (R 2 /A) and Aff (R 2 /A) be groups 7r aff (Aff t (R 2 , A)) 
and 7r a ff (Affo(R 2 , A)), respectively. 

Next, we introduce notations on finite subgroups of Aff(R 2 /A). Let R be a finite 
subgroup of Aff(R 2 /A), i.e. the finite group R acts naturally on R 2 /A. Let i?o and 
R t be Rf) Aff (R 2 /A) and Rf] Aff t (R 2 /A), respectively. Put A t = n~g(R t ). Note 
that Rt < R and R t = A t /A so that Rt is isomorphic to Z TOl x Z m2 because A t 
has two generators l\, li such that A = (mill, m-il-i) for some m±, 777,2 € N. For each 
element g — [Ax + c] of R, it can be shown that ^4(A t ) = A t by normality of Rt in 
R, i.e. R/Rt preserves A t in addition to A. Through the map 

i?^Iso(R 2 ,A), [Ax + c]^A, 

R/Rt is isomorphic to the subgroup {A e Iso(R 2 , A) | [Ax + c] e R}, and we will 
use the notation R/Rt to denote the subgroup. For simplicity, R/Rt is confused 
with the subgroup 7r a ff (R/Rt) of Aff(R 2 /A) according to context. 

For a compact subgroup R of Aff(R 2 /A) and its natural action on R 2 /A, we 
define conjugacy. Given an affine isomorphism 

t/:R 2 ^R 2 , x^A'x + c' 

for some A' G Iso(R 2 ), c' E R 2 , it induces the affine isomorphism 



i\ : R 2 /A -»• R 2 /A'(A), [x] ^ [A': 



x 



and the group isomorphism 

77* : Aff(R 2 /A) -)• Aff(R 2 /A'(A)), B ^ rjBrf 1 . 

Then, i]*(R) is called conjugate to R, and the natural action oir]*(R) on M. 2 /A'(A) 
is called the conjugate action induced by 77. It can be easily checked that 

(2.1) f 1 *{R)t = n*{R t ) and A' t =A'(A t ) 

where A' t is equal to 7r^(»y*(i2)t) for 7r aff : Aff(R 2 , A' (A)) -)■ Aff(R 2 /A'(A)). For a 
subgroup in Aff(R 2 , A) and the isomorphism fj, we can similarly define the conjugate 
subgroup in Aff(R 2 , A' (A)). 

Up to conjugacy, it suffices to consider only isometries on two torus instead of 
all affine isomorphisms on two torus. Let Isom(R 2 /A) be the isometry group of 
R 2 /A where R 2 /A delivers the metric induced by the usual metric on R 2 . And, put 
Isom (R 2 /A) = Isom(R 2 /A) n Aff (R 2 /A) and Isom t (R 2 /A) = Aff t (R 2 /A). 
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Now, we would list all finite subgroup of Aff(M 2 /A) up to conjugacy. First, we 
explain for upper two rows of Table 11.11 

Proposition 2.1. Let a finite group R act naturally on R 2 /A for some A. Assume 
that Ro/Rt is nontrivial. Then, the R-action is conjugate to one of the following: 

(1) the subgroup R in Isom(R 2 /A) such that A t — A sq and R/ Rt is one of 

Z 2 ,D 2j2 ,D 2 ,Z4,D4 

where A is a square sublattice of A sq preserved by R/Rt, 

(2) the subgroup R in Isom(R 2 /A) such that A t — A cq and R/R t is one of 

Z 2 ,D 2 ,D 2! 3,Z 3 ,D3,D 3 , 2 ,Z 6 ,D 6 

where A is an equilateral triangle sublattice of A eq preserved by R/Rt- 

In both cases, R is equal to the semidirect product R t xi R/Rt- Two ^-actions of 
(1) and (2) are conjugate. 

Proof. We may assume that R is a subgroup of Isom(R 2 /A) for some lattice A. So, 
R/Rt C 0(2). We start with Rq instead of the whole R. Since Ro/Rt is a nontrivial 
subgroup of SO (2), it is a nontrivial cyclic group. Pick g in R such that go gives 
a generator in R /R t , and put go[x\ = [A x + c ] for some A G S0(2), c G R 2 . 
Put c\ — — (id— A )~ 1 c , and put 

fj : R 2 ->• R 2 , itn A'x + c' with A' = id, c' = ci 

where id— Aq is invertible because Aq is a nontrivial rotation. Here, note that 
A' (A) = A, A' (A t ) — A t , and Tj*(Rt) — Rt- In the remaining proof, we use the 
conjugate n* (i?)-action induced by fj, and denote tj*(R) just by R. Since the action 
by V* (do) is equal to [^4o^]> Ro contains Ro/R t - Since R t fl (Ro/Rt) is trivial and 
Rt < Ro, Ro is the semidirect product of Ro/Rt and R t - It is well known that 
if a lattice in R 2 is preserved by a nontrivial rotation, then it is a square or an 
equilateral triangle lattice. Since Ro/Rt is nontrivial and Ro/Rt preserves A and 
At, both lattices are simultaneously square or equilateral triangle lattices. Here, we 
use the fact that a sublattice of a square lattice can not be an equilateral triangle 
lattice and vice versa. Take a suitable conformal linear isomorphism fj' : R 2 — > R 2 
such that fj'(A t ) = A sq or A eq . In the remaining proof, we use the conjugate 77'* (in- 
action induced by fj', and denote rj'*(R), fj'(A), fj'(A t ) just by R, A, A t , respectively. 
Since Ro/Rt preserves A t , Ro/Rt becomes one of Z 2 , Z4, or Z 2 , Z 3 , Z 6 according to 
A t — A sq or A cq , respectively. 

If R = Ro, then proof is done. So, assume that Ro < R- Let g[x] = [Ax + c] 
be an arbitrary element of R — Ro- Then, g 2 [x] = [x + Ac + c) because R/Rt is 
a dihedral group. Here, note that Ac + c is in A t , and that r/'* (n* (g )) = ri*(go) 
because fj' is conformal. Similar to g 2 [x], we have (gn* (go)) 2 '[x] — [x + AA c+ c] 
so that AAqc + c is in A t . By these two elements Ac + c and AAqc + c of At, we 
have A(id-A )c G A t . Since A(A t ) = A t , this gives us (id -A )c E A t . So, c G A t 
because (id— ^4o) _1 = id+A + ■ ■ • + Aq~ x and A (A t ) = A t when A has order 
n. Since g[x] = [Ax + c] with c € At, the affine map [Ax] is in R. So, we obtain 
that R/Rt is in R. Since R t fl (R/R t ) is trivial and R t < R, R is the semidirect 
product of R/R t and i? t . Since i?/i?t preserves A t , possible actions of R/Rt are 
very restrictive and are conjugate to one of D 22 ,D 2 ,D4, or D 2 ,D 2j 3,D3,D3, 2 ,D@ 
induced by some suitable isometry on R 2 preserving A t according to A t — A sq or 
A cq , respectively. 

Conjugacy of two Z 2 -actions of (1) and (2) is easy. □ 

To each finite group R in the previous proposition, we assign the two-dimensional 
fundamental domain \Pr\ with which we describe the R- action. 
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Corollary 2.2. To each finite group R in the previous proposition, we assign the 
area \Pr\ in Table ["Ol Then, the ir~ s (R) -orbit of \Pr\ cover R 2 and there is 
no interior intersection between different areas in the orbit. Also, the R-orbit of 
7t(|Pr|) cover R 2 / A and there is no interior intersection between different areas in 
the orbit. 

Proof. For each R c Aff(R 2 /A) in the previous proposition, 7r7g(i?) is equal to 
A t x R/R t because R is equal to R t xi R/Rt and A t = Tr~g(R t ). So, n~g(R) = 
A t ■ R/Rt and proof of the first argument is done easily case by case. And, the 
second argument follows from the first. □ 

Next, we need investigate the case of trivial Ro/R t . Before it, we need an ele- 
mentary lemma. 

Lemma 2.3. Let A be a lattice of R 2 . Let A be an orient reversing element of 
Iso(R 2 , A) such that A 2 = id . Then, the group (A) in Iso(R 2 , A) is linearly conjugate 
to one o/Di orB 1A in Iso(R 2 , A sq ). 

Proof. We may assume that (A) acts naturally on R 2 with A £ 0(2). If A is a 
square lattice, then it might be assumed that it is A sq by a linear conformal map. 
For u\ — (1, 0) and u 2 = (0, 1), A is determined by A{u{), and possible A(ui)'s are 
±ui,±U2 because A is a reflection and preserves A sq . By a suitable rotation, the 
action of (A) is conjugate to Di or Dj. 4 in Iso(R 2 , A sq ). 

Next, if A is not a square lattice but has an orthogonal basis, then it might be 
assumed that {u\, c ■ u 2 } with c > 1 is a basis of A by a linear conformal map. So, 
possible A(uiYs are ±ui and the action of (A) is conjugate to Di in Iso(R 2 ,A sq ) 
induced by a suitable linear isomorphism. 

Before we go further, we state an elementary fact. If two elements w\ and w 2 
in A* = A — O are linearly independent and have the same smallest length, then 
{wi,u>2} is a basis of A. We return to our proof. Assume that A does not have 
an orthogonal basis. Let Wo be an element of A* with the smallest length. If 
Awo y^ ±woj then wq and Awq are linearly independent so that they become a 
basis by the previous elementary fact. By a suitable linear isomorphism, the action 
is conjugate to Di 4 in Iso(R 2 ,A sq ). Next, assume that Awq = ±u>o- Let w be an 
element of A — R • Wq which has the smallest distance to R • wq. Let L be the line 
parallel to R • wq containing w. Pick an clement wi of L n A which has the smallest 
length. Put w' 2 = ^fAwi. Since A does not have an orthogonal basis, u>i ^ w' 2 . 
Also, |iZ>i — w' 2 \ = |u>o| because u>i has the smallest length in L<~) A. And, the convex 
hull of {O, w\, w 2 } contains no element of A except 0,Wi,w' 2 so that {wi,w 2 } is 
a basis for A. If we put w 2 = Awi = ^w 2 , then {wi, w 2 } is a basis of A with the 
same length such that Aw\ = w 2 . By a suitable linear isomorphism, the action of 
(^4) is conjugate to the action of the Di 4 in Iso(R 2 , A sq ). Therefore, we obtain a 
proof. □ 

To deal with the case of trivial Ro/Rt, we define some notations. When R/Rt = 
Di or D M , let l be (1, 0) or (1, 1), and let l£ be (0, 1) or (-1/2, 1/2), respectively. 
For those two cases, let L in R 2 be the line fixed by R/Rt, and let L be the line 
perpendicular to L passing through O. Here, Iq is an element of (A sq )* C\L with the 
smallest length, and the length of Iq is the distance from L to A sq — L. For a line L' 
and a vector c' (possibly zero) in R 2 with c' || V , the composition of the reflection 
in L' and the translation by c' is called the glide through L' and c'. Now, we can 
explain for lower three rows of Table 11.11 

Proposition 2.4. Let a finite group R act naturally on R 2 /A for some A. Assume 
that Ro/Rt is trivial. Then, the R-action is conjugate to one of the following: 
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(1) the subgroup R in Isom(R 2 /A) with R = R t and A t = A sq where A is equal 
to ((mi, 0), (0, 777,2)) in A sq for some mi, 7712 G N. 
£/ie subgroup R in lsom(R 2 /A) with R = (Rt, [Ax + c]) and A t = A sq where 



(2) 



R/R t = (A) = Di or D M . #ere, c£l J 
g^ide through ^c + L and h(Ac + c). 



j/n + £ i aMC ^ ^4^ + c is the 



Proof. First, if R/Rt is trivial, then R = R t and we easily obtain (1) by a suitable 
linear isomorphism. For (2), assume that R/Rt is nontrivial. Then, R/Rt in 
Aff(M 2 ,A) is order two, and there exists a linear isomorphism 77 : K 2 — > M. 2 such 
that 77 (At) = A sq and the conjugate action on M 2 induced by 77 is Di or D14 in 
Aff(M 2 ,A sq ) by Lemma [2.31 In the remaining proof, we use the conjugate rj*(R)- 
action on M. 2 /fj(A) induced by 77, and denote tj*(R), 77(A), 77 (At) just by R, A, A t , 
respectively. Then, A t = A sq is obtained by (12.11) . Pick an element g in R — R t 
which is [Ax + c] with (A) = Di or B 1A . By g 2 £ R t , we obtain Ac + c e A sq 
which is fixed by A, i.e. Ac+ c e L. Since [Ax + (c + X)] £ R for each A G A sq , 
A(c + A) + (c-f A) is also in A sq so that we may assume that Ac+ c is equal to or 
Iq. Then, c should be in L 1 - or ^Iq 
easily obtained. 



1/ because A is the reflection in L, and (2) is 

□ 
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(a) R/Rt = £>i with c = (0, 0) 



\c + L 



(b) K/Kt = ,01,4 with c = (0,0) 
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(c) R/Rt = Dx with c = (1/2, 0) 



(d) JJ/iit = O i>4 with c = (1/2, 1/2) 



Figure 2.1. Some polygonal areas with glides 



Corollary 2.5. To a finite group R in the previous proposition, we assign the 
two-dimensional fundamental domain \Pr\ in Table [T7S[ Then, the ir~ s (R)- orbit of 
\Pr\ cover K 2 and there is no interior intersection between different areas in the 
orbit. Also, the R-orbit of 7t(|Pr|) cover M 2 / A and there is no interior intersection 
between different areas in the orbit. In Figure [Ol we illustrate gray colored \Pr\ 
for some cases. 

Proof. If R = R t , then proof is easy. Otherwise, tt~^(R) is equal to (A t ,Ax + c), 
and proof is done similar to Corollary 12.21 □ 
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In summary, any finite subgroup R in Aff (R 2 /A) for some A is conjugate to one 
of groups in Table 11.11 

3. ONE-DIMENSIONAL p{G x ) CASE 

In this section, we prove Theorem [D] First, we would list all one-dimensional 
subgroups of Aff (M 2 /A) for some A up to conjugacy. Let S 1 be the rotation group 

{[x + (i,0)] G Aff(R 2 /A sq ) | t £ [0,1]}. Let M(a) be the matrix ( l _° J for 

aeZ. 

Lemma 3.1. Let a compact one- dimensional group R act naturally on R 2 /A for 
some A. Then, R is conjugate to one of the following subgroups in Aff(R 2 /A sq ): 

(1) (S\[x + (0,±)}) for somen €N, 

(2) (SMi + fO.i^l-i + ^ti)]) for some n G N, h G [0,1], 

(3) (K, [M{a)x + (0, t 2 )}) or (K, [-M(a)x + (0, t 2 )\) for some a G Z, t 2 G [0, 1] 
w/iere K is egual to one of (1), (2) and [±M(a)x + (0,i 2 )] 2 G if. 

Proof. If i? is connected, then it is easy that R is conjugate to S 1 in Aff(]R 2 /A sq ). 
So, if i? is not connected, then we may assume that R is a subgroup in Aff (R 2 /A sq ) 
whose identity component is S . For arbitrary g = [Ax + c] £ R and z G S , 

(*) ff«[«] = (5z.9 _1 ).g[S] 

where gzg~ x G S 1 by normality of S* 1 in i?. Since S^-orbits in R 2 /A sq are hori- 
zontal, the right term of (*) is horizontal when gzg~ x moves in S . So, g moves 
the horizontal S' 1 -orbit z[x] for z G S 1 to a horizontal S^-orbit. From this, we can 
observe that A sends the x-axis to the x-axis itself, i.e. the (2, 1) entry of A should 
be zero. Moreover, observe that A has a finite order. From this and A(A sq ) = A sq , 
we can show that possible A's are ± id, ±M(a) for a £ Z by simple calculation. 
Also, we may assume that the first entry of c is because zg G R for each z G S . 
By these arguments, we would show that possible R is one of (1)~(3). 

First, assume that the inaction is orient preserving. So, A of each g = [Ax + c] 
in R is equal to ± id . Since the subgroup of elements of the form [x + (0, t)} in R is 
cyclic, it is generated by an element of the form [x + (0, 1/n)] for some n G N. So, 
if R contains no element of the form [—x + (0,£i)], then R is equal to (1). And, if 
R contains an element of the form [—x + (0, ii)], then R is equal to (2). 

Next, assume that the i?-action is not orient preserving. Then, R contains 
an element [±M(a)x + (0,^)] for some a £ Z, i 2 € [0,1]- So, R is equal to 
(Rq, [±M{a)x + (O,^)])- From this, we obtain this lemma because Rq is equal 
to (1) or (2). □ 

For each action of the above lemma, we can find a circle in two-torus by which 
equivariance of the torus is simply expressed. 

Proposition 3.2. Let a compact one- dimensional group R act naturally on R 2 /A 
for some A. Then, there exists a circle C in the torus such that the map Rxr c C^>- 
M 2 /A, [g, x] h-> gx for g £ R, x £ C is an equivariant isomorphism where Re is the 
subgroup of R preserving C. 

Proof. It suffices to find C such that R ■ C = R 2 /A and gC n C = for any 
g £ R — Re- As in the previous lemma, we may assume that R is contained in 
Aff(M 2 /A sq ), and that its identity component is S 1 . When the i?-action is orient- 
preserving, we may assume that R is equal to (1) or (2) in Lemma [3.11 Let C be 
the circle which is the image of the y-axis by it. Then, it is checked that i?-orbits 
of C are all translations of C, and from this it is easily shown that C becomes a 
wanted circle. Therefore, we obtain a proof. 
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When the i?-action is not orient-preserving, we prove it only for the case of 
R = (K, [M(a)x + (0,t 2 )]> when K is equal to (2) of Lemma O Proof for the 
other case is similar. Let C be the image of y = — x (or x — when a = 0) by n. 
Then, it is checked that i?-orbits of C are all translations of C, and from this it is 
easily shown that C becomes a wanted circle. Therefore, we obtain a proof. □ 

By using this proposition, we can prove Theorem iDl 

Proof of Theorem\^ We may assume that A = A sq and p{G x ) is one of groups in 
Lemma [3.11 The torus R 2 /A is equivariantly isomorphic to G x X(q ) c @ f° r the 
circle C of Proposition ^. 21 So, the map 

Vect (Gx)c (C, X ) -> Vect Gx (M 2 /A, x ), [F] ^ [G x x {Gx)c F] 

is the inverse of our map. □ 

4. R 2 /A AS THE QUOTIENT OF AN EQUIVARIANT SIMPLICIAL COMPLEX FOR A 
FINITE SUBGROUP OF Aff(R 2 /A) 

In this section, we consider R 2 /A as the quotient of the underlying space of 
an equivariant simplicial complex which will be denoted by JC P . Given a Unite 
subgroup R of Aff (R 2 /A) in Table ITTT1 and its natural action on R 2 /A, we investigate 
equivariance of R 2 /A by calculating isotropy groups at some points of it. 

Let $r be a set of g ■ |Pr|'s for g £ 7r~ s (R) such that 

(i) \p r \ e $r, 

(2) U s .|P fl | e5fl *(5-M=R7A, 

(3) 7r(<7 • |Pr|) n ir(g' ■ \Pr\) has no interior point for any different g ■ \Pr\ and 

Sf ■ \Pr\ in Sfl- " 
Such an $r exists by Corollary 12. 21 and Corollary 12.51 We pick an $r for each R. 
We would consider the disjoint union ]lg\p R \£$ R g • \Pr\ as the underlying space of 
a two-dimensional simplicial complex. As in Introduction, we allow that a face of 
a two-dimensional simplicial complex need not be a triangle, and we consider an 
n-gon as the simplicial complex with one face, n edges, n vertices. Then, denote 
by K.R the natural simplicial complex structure of H-g-\p R \eS R 9 ' \Pr\- We denote 
simply by 7r the quotient map from \K.r\ to R 2 /A sending each point x in some 
g ■ \Pr\ C \K.r\ to n(x) in R 2 /A where x is regarded as a point in R 2 . By definition, 
n\(g-\p R \)° is bijective for each g ■ \Pr\ £ $r so that the i?-action on R 2 /A induces 
the R- action on JCr and \K,r\ such that 7r is equivariant. In general, w does not 
induce the equivariant simplicial complex structure on R 2 /A from JC P as the example 
illustrated in Figure I5~T1 

Next, we define some notations on Kr. We use notations v, e, / to denote a 
vertex, an edge, a face of K,r, respectively. We use the notation x to denote an 
arbitrary point of \Kr\. And, we use notations v, x, |e|, 6(e), |/|, b(f) to denote 
images 7r(«),7r(i),7r(|e|),7r(6(e)), 7r(|/|),7r(6(/)), respectively. Denote by / _1 the 
face of K.r such that |/ _1 | = \Pr\- In Introduction, we have already defined vertices 
v l, s and edges e l, s of / _1 . For simplicity, denote n(v l ), 7r(|e J |), ^(^(e 1 )), 7r(6(/ -1 )) 
by v l , \e l \, b(e l ), 6(/ _1 ), respectively. Define the integer jr as the cardinality of 
7T — 1 (u*) for i £ I*i R . Let B be the set of barycenters of faces in K, p on which R acts 
transitively by definition of $r, and B is confused with ir(B). 

We would calculate isotropy subgroups at some points of R 2 /A. For this, we 
define some notations on isotropy subgroups. For each x £ R 2 /A, R x is considered 
as a subgroup of Iso^ R 2 /A). Since the tangent space T x R 2 /A at each x £ 
R 2 /A inherits the vector space structure and the usual coordinate system from R 2 , 
Iso(R 2 ) might be identified with Iso^ R 2 /A). With this identification, R/R t is also 
regarded as a subgroup of Iso(Ta; R 2 /A) according to context. Here, we can observe 
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that R x C R/R t in Iso(T x K 2 /A) for each x £ R 2 /A. Similarly, we can define 
subgroups Z n ,D n ,D nj z in lso{T x M 2 /A). For the calculation, we give the natural 
simplicial complex structure on R 2 by considering R 2 as the union Ug&r -1 (ifl ^I-PrI) 
and we denote it by /Cu2 . 

First, we calculate Rt(f~i\. For a lattice A' in R 2 , denote by Area(A') the area 
of the parallelogram spanned by two basis vectors in A'. Then, the area of R 2 /A is 
equal to Area(A t ) • \R t \ so that we have 

Area(|Pfl|) 



(4.1) 



|i?t| Area(A t ) 
£ 2 /A is equal to Area(|PR| 



\B\ 



because the area of 
of|P fl |. 

Proposition 4.1. For each R in Table ["PI iJv/ 



\B\ where Area(|Pfj|) is the area 



listed in Table \A.l 



R/Rt 


At 


Area( \Pr\) / Area(A t ) 


R b(f-i) 


Z 2 


Asq 


1/2 


(id) 


D2.2 




1/4 


(id) 


D 2 




1/4 


(id) 


Z 4 




1/4 


(id) 


D 4 




1/4 


D M 


D 2 


Aeq 


1/4 


(id) 


D 2 ,3 




1/4 


(id) 


D3 




1/2 


Z3 


Z 6 




1/2 


Z3 


D 6 




1/2 


D 3 ,2 


Z 3 ,D 3i2 


A<=q 


1 


R/Rt 


(id) 


A S< J 


1 


(id) 


Dl,D!, 4 , 


A=q 


1/2 


(id) 


Ac + c = 








Di,D M , 


A s i 


1/2 


(id) 


Ac + c = Iq 









Table 4.1. R, 



Hf- 1 ) 



Proof. As in proofs of Corollary ECfl 1231 we can calculate \B/R t \ = |7r _1 (B)/A t | 
case by case because 7r _1 (B) is the set of barycenters of faces of /Cr2 . By using this, 



we can calculate R, 



*(/- 



in the below. 



By definition of |Pr| in TablcO Area(|PR|)/Area(A t ) = 1, 1/2, or 1/4. In the 
case when Area(|PR|)/Area(A 4 ) = 1, it is observed that R t acts transitively on B, 
and the formula (|4.ip gives \R t \ — \B\. From these, Rt acts freely and transitively 
on B. So, we can obtain that R = i? b (j-i) • R t and i? fc (/-i) C\ R t = (id). That is, 



R. 



Hf- 1 ) 



= R/Rt because Rt is normal in R. Also, since i? ( 



Hf~ 



is contained in 



i?/i?t as subgroups of lso(Tuf-i-\ R 2 /A), R/R t and Rbu-i\ are equal as subgroups 
of Iso(r 6(/ -i) M 2 /A). 

When Area(|Pfl.|)/Area(A t ) = 1/2, the formula dHTJ» gives \R t \ = ±\B\ and 
i?t acts freely and non-transitively on B. In the below, we will use the notation 
R' to denote a subgroup of R such that R' acts freely and transitively on B. If 
such a subgroup i?' exists, then R = i? 6 (/-i) ■ i?' and R^rf-u C\ R 1 = (id) so 
that |i?b(/-i)| = |-R|/|-R'|- Moreover, R b ( f -i) = R/R' if i?' is normal in R. In the 
case when R/Rt = Z2,Zg,D6, put R' = Rt x Z2 which is normal in R. It is 
easily observed that R' acts freely and transitively on B. From this, Ruf-i-y = 



R/i?' = (i?/i? t )/Z 2 . In fact, it is checked that the i? b (j-i)-action on T t 



l /A 

is (id),Z 3 ,D 3i 2 according to R/R t = Z 2 ,Z 6 ,D 6 , respectively. In the case when 



l Hf- 
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l:s 



has order 3 and R, 



Hf- 1 ) 



= Z 3 . In 



R/R t = D 3 , put R' = (b,R t ) so that R b{f - 

the case when R/Rt = Di,Di.4, we obtain \R\ -- \B\ from | Di | : | D14 | ■= 2 and 

\Rt\ = \\B\ so that R acts freely and transitively on B, i.e. i?(,(/~i) is trivial. 

When Area(|P fl |)/Area(A t ) = 1/4, the formula g3J) gives |i? t | = ||B| and i? t 
acts freely and non-transitively on B. In cases when R/Rt = Y)i,i-,^>i^a with 
A t = A sq and R/R t = D 2 ,D 2 , 3 with A t = A cq , we have \R/R t \ = 4 so that 



\R\ = \B\. Since R acts freely and transitively on B, R, 



Hf- 1 ) 



is trivial. In the case 



when R/Rt = D4, we similarly have \R\ — 2\B\. Since R acts transitively on B, we 



have \R. 



Hf~ 



= 2 and it is checked that R, 



Kf- 



= D, 2 



n 



Now, we calculate R v i and R^e 1 )- Denote by V the set of vertices of ICr, and by 



V the set ir(V). For two points x and a/ in R 2 /A, x 
in the same i?-orbit. 



x' means that a; and x' are 



Proposition 4.2. For each R in Table [7771 i?^; is foied m Table \J1^ I n ~ entry, 
we list all v l 's in the same R-orbit. By v % ~ u* , we mean that all v 1 's are in an 
orbit. 



R/Rt 


A t 


|V/fl| 




~ 




H„, 


Z 2 
D2.2 
D 2 
Z 4 
D 4 


A=q 


2 
3 
4 
3 
3 


„U 


~ 1,°, t, 1 ~ 
v 1 ~v 2 

1 3 
v — i;° 

t) 1 ~ v^ 


u 2 


H/-R* 

i^o = -R^3 = R/Rt, R v i = R v 2 = Di.— 4 

R/Rt 

R v o = R v 2 = R/Rt, R v i = R v 3 — ^2 

R v o = R v 2 = R/Rt, R v i = R v 3 = D2 


D 2 

D 2 ,3 

D 3 

z 6 

D 6 


A ec i 


3 
3 
1 
1 
1 


w 2 ~ i, 3 

V 1 ~ l, 2 

u l — ii z 
i; 1 — i) z 

?/ — U* 


R v o — R v i = R/Rt, R v i = ^^3 = Di 

R v o = R v 3 = R/Rt, R v i = R v 2 = Di j _3 

R/Rt 

R/Rt 

R/Rt 


Z 3 ,D 3 , 2 


A cc i 


2 


t, 1 ~ D l + 2 


R/Rt 


(id) 


A=q 


1 


V 1 ~ t) J 


(id) 


Di, 

Ac + c = 


Asq 


2 


„0 


~ « 3 , u 1 ~ 


u 2 


R/Rt 


Dl,4, 

Ac + 5 = 


A=q 


2 


„U 


~ V 2 , v 1 ~ 


^ a 


R/Rt 


Di, 

Ac + c = Zo 


A^q 


1 


?/ — t, 1 


(id) 


Di, 4 , _ 

Ac + c = /o 


A s q 


2 


„U 


~ V 2 , V 1 <"» 


V 3 


R/Rt 



Table 4.2. R„ 



Proof. Since |V| = ir\B\ and |V| = jii|V|, we obtain 

Area(|Pfl|) j R 



(4.2) 



\Rt 



■ V 



Area(At) i fl 

by (14. ip . As in proofs of Corollarv l2.21 |2~51 we can calculate 

\V/R\ = \7t-\V)/nJ{R)\ and \V / R t \ = k^M/Atl 

case by case because 7r _1 (V) is the set of vertices of /Cr2. By using this, we can 
calculate R v i in the below. 

In the case of R/R t = Z 2 with A t = A sc \ the formula (02) gives \R t \ = ||V|. 
From this, we conclude that i? t acts freely on each i? t -orbit in V because |V/i?t| = 2. 
Of course, R t acts transitively on each i? t -orbit in V. Since \V/R\ = 2, each i? t -orbit 
is also i?-invariant. From this, we have R = R v i ■ Rt and R v i Pi Rt = (id) so that 
R v i = R/Rt- Here, v°,v 3 are in the same orbit, and v 1 ^ 2 are in the same orbit. 
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In the case of R/R t = D 2 , 2 with A t = A sq , the formula (J4~2l gives \R t \ = \\\?\. 
From this, we conclude that Rt acts freely on each i? t -orbit in V because |V/i?t| = 4 
and R t acts transitively on each i? t -orbit in V. Since |V/i?| = 3 and v 1 , v 2 are in the 
same orbit, Rt acts freely and transitively on both i? t -orbits of v°,v 3 in V which 
are i?-invariant. So, R v i = R/R t for i = 0,3. But, each i? t -orbit of v % for % = 1, 2 is 
not i?-invariant. If we take the index 2 subgroup S oi R preserving each i? t -orbit 
of v % for i = 1, 2, then S 1 = i?„i • i?t and i?„i H Rt — (id) so that |i?„i | should be 2 
for i = 1,2, and it is checked that i?^; = Di._4 for i = 1, 2. 

In cases when .R/.R4 = D 2 ,Z 4 ,D 4 with A t = A sq , the formula (J4.2I) gives |i? t | = 
i|V|. From this, R t acts freely and transitively on each i? t -orbit in V because 
\V/R t \ = 4. Since |V/i?| = 4 for R/R t = D 2 , i^ 4 = R/R t . Since |V/-R| = 3 and 
v l ,v 3 are in an i?-orbit for R/Rt = Z4,D4, we have R v i = R/Rt for i = 0,2. 
Also, it is checked that R v i = Z 2 for i?/i?t = ^4,1 = 1,3. And, -/?„; = D 2 for 
R/Rt = D 4 ,i = 1,3. 

In the case of R/R t = D 2 ,D 2j3 with A t = A cq , the formula flU]) gives |i? t | = ±|V|. 
From this, Rt acts freely and transitively on each i? t -orbit in V because |V/-Rt| = 4. 
Since |V/i?| = 3 and v 2 ,v 3 are in a i?-orbit for R/Rt = D 2 , we have R v i — R/Rt 
for i = 0, 1, and it is checked that ./?„; = Di for i — 2,3. Since |V/i?| = 3 and 
v 1 , v 2 are in an i?-orbit for R/Rt = D 23 , we have -/?„; = R/Rt for z = 0, 3, and it 
is checked that R v i = Di_ 3 for i = 1,2. 

In the case of \P R \ = P 3 q , i.e. i?//?.* = D 3 ,Z 6 ,D 6 with A = A CC J, the formula 
(|4.2p gives |i? t | = |V|. From this, we conclude that R t acts freely on V because i? t 
acts transitively on V. So, i?„i = R/Rt- 

In the case of |Pr| = P 6 cq , i.e. R/R t = Z 3 ,D 3j2 with A = A cq , the formula (|4~2]) 
gives \R t \ = ||V|. Since |V/i?f| = 2, i? t acts freely and transitively on each i? t -orbit 
in V. Also, since \V/R\ = 2, R v , = R/R t . 

In the case of R/Rt = (id), i?^ = (id). 

In the case of R/Rt = DijDi^ with Ac + c = 0, the formula f|4.2[) gives |i?t| = 
||V|. From this, we conclude that i?„, = R/R t because \V/R\ = \V/R t \ = 2. 

In the case of R/Rt = Di, D14 with Ac + c — Iq, the formula (|4.2p gives |i? t | = 
^ |V| . From this, we conclude that R v i is trivial because R acts transitively on V. □ 

Denote by £ the set of barycenters of edges in K,r, and by £ the set 7r(£ ). 



Proposition 4.3. For each R in Table \l.f\ R^ e i) is listed in Table \4-3\ And, each 
i? b ( e i) satisfies R^) H Ruf-\\ = (id) except R/Rt = D@ . 



Proof. As in proofs of Corollarv l2.2l 12751 we can calculate 

\£/R\ = \-k-\£)/^{R)\ and \£/R t \ = K" 1 ^ )/A t | 

case by case because 7r _1 (£ ) is the set of barycenters of edges in /Cr2. By this, we 
obtain |£/i?|-entry of Table [Ol 

Since R^ e i) preserves |e*|, Rb( e i ) C D 2i ; in Iso(T b ( e ij R 2 /A) for some I £ Q*. In 
cases when R/Rt ^ Di,Di4, we can show that a matrix A £ D 2: / is in Ru e i\ C 
Iso(T fc(e!) M 2 /A) ^ an d only if Abie 1 ) € &(?) + A t in R 2 because R = i? t x i?/i? t , 
i.e. each element in i? is of the form [Ar + c] with c £ A t . By using this, we can 
calculate Rb^) hi Table |4~B1 Similarly, we obtain Ry e i) in Table I4TB1 in cases when 
R/R t = T> 1 ,D 1A . 

The second statement is checked case by case by Table 14.11 □ 

Now, we explain for one-dimensional fundamental domain. A closed subset Dr 
of \JC R I is called a one- dimensional fundamental domain if the orbit of tt(Dr) 
covers 7r(|^^ , |) and Dr is a minimal set satisfying the property. 
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R/Rt 


At 


\£/R\ 


#6(e*) 


Z 2 

D 2 ,2 

D 2 

Z 4 
D 4 


A=q 


3 

4 
4 
2 
2 


R b(e°) = Rb(e 2 ) = ( id )> ^(e 1 ) = S 6(e 3 ) = -R/-Rt 
^b(eO) = #6(e 2 ) = D l,-4: -R 6 ( e l) = R b(e3) = D l,4 
■Rt(eO) = ^(e 2 ) = D l,2.-R(,(e 1 ) = Rb(e 3 ) = D l 
(id) 

-Rftfe ) = Rb(e 2 ) = Dl.Z.-Rfcfe 1 ) =^6(63) = D l 


D 2 

D 2 ,3 

D 3 
Z 6 
D 6 


A ec i 


4 
4 
1 
1 
1 


^(e 1 ) = Rb(e3) = D ll ^(e ) = D l,2i Rb(e 2 ) = Z 2 
Rb(e°) = -^(e 2 ) = D l,-3i ^(,( e l) = Z 2 , -Rf,( e 3) = Dl >6 
^(e ) = Dl > 3 ' ^(e 1 ) = D l,-3, R b (e 2 ) = D l 

z 2 

^(e ) = D 2,3/2: ^6( e l) = D 2,-3/2i Rb(e 2 ) = D 2 


z 3 

D 3 ,2 


A ec i 


1 
1 


(id) 

Rb(e°) = D l,2: #fc( e l) = D l,6. Rb(e 2 ) = D l,-6> 

R b(e 3 ) = D l,2: #6( e 4) = D l,6. #6( e 5 ) = D l,-6 


(id) 


A=q 


2 


(id) 


Dl, 

Ac + c = 


A s q 


3 


^b(eO) = ^(,(e 2 ) = ( id >: ^(e 1 ) = R t,( e 3) = R/Rt 


Dl,4, 
^£+5 = 


A s i 


3 


Rb(e°) = ^b(e 2 ) = ( id )> ^(e 1 ) = S 6(e 3 ) = R/Rt 


Di, 
Ac + c = Iq 


A s i 


2 


(id) 


Dl,4, 
Ac + 5 = Iq 


A s q 


3 


R b(e°) = -Rt(e 2 ) = (id), fl(,( e l) = -Rf,( e 3) = -R/-Rt 



Table 4.3. i? 



6(e«) 



Proposition 4.4. Lei R be a group in Table \1.1[ For each i € 



ft 



6(e« 



fixes 



\e l \ if and only if Z2 is not contained in i?f,( e «) 
one- dimensional fundamental domain. 



And, Dr listed in Table \1.S\ 



Proof. First, we prove the first statement. We can check that it is true for the 
case of R/Rt = ^>e ■ So, we may assume that R/R t ^ Dq . Sufficiency is easy. For 
necessity, assume that Rb(e i ) does not fix \e l \. So, Rb(e i ) is nontrivial. Since Rb(e i ) 
preserves |e l |, ftf,( e «) C D 2 ,z for some Z G Q* where we assume that 021b fixes \e l \. So, 
Rb(e i ) — (a<2ib) or {—021b) because Z2 is not contained in -R{,( e *)- Since Rb( e i ) does 
not fix |e*|, i?6( e i) = (—021b). But, —02/6 is orient reversing, and preserves \e l \. So, it 
fixes 7r([6(/ _1 ), b(e 1 )]), i.e. —021b € fty e i) H Ruf-i) which is trivial by Proposition 
14.31 This is a contradiction. 

Since i? acts transitively on £?, each edge of £# is in the i?-orbit of some e 1 . So, 
we may assume that any one-dimensional fundamental domain is contained in \£/R\ 
edges of \Pr\, say e' J for j = 1, •• • , |£/ft|. We would select suitable \£/R\ lines in 
l^^j I whose union is a candidate for a one-dimensional fundamental domain. For 
each j, if Rb( e 'i) fixes je'-'l, then pick the whole line | e'- 7 1 , otherwise pick a half of 
|e / - , '| because a half of |e'-?'| should be sent to the other half by Rue'i)- If we define 
Dfl as the union of picked lines, then Dr satisfies the definition of one-dimensional 
fundamental domain. In Table fOl we have assigned such a Dr to each R. 

In the case of R/Rt = D3, Dr is not chosen in this way by a technical reason. 
But, we can check that Dr for the case in Table 11.31 becomes a one-dimensional 
fundamental domain. □ 

By using the above calculations, we can calculate R\ e i\ and Rets) as promised 
in Introduction. 

Lemma 4.5. For each x in \e l \ such that x 7^ v l ,v l+1 , b(e l ), we have R s = (id). 
For x = n(x), R x — ft|e*|- More precisely, 
(1) if Rbie 1 ) C Z2, then R x is trivial, 
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(2) if i4 (e i) = D i: ; for some I G Q* , then R x = D 1:i , 

(3) if R/Rt = T)q, then R x = Di^Di _3,Di for i — 0, 1,2, respectively. 

Proof. First, R x fixes the whole |/ _1 | so that R x = (id). 

Next, R x fixes the whole |e*|, especially i? K C Rb(e i )- From this, (1) is obtained. 
By Proposition 14.41 we obtain (2). (3) is checked by direct calculation. □ 

Next, we calculate Rc( x ). If we put C{x) = [x,b(P p )] for x £ d\P p \, then i?c(2) 
is equal to 

Rc(x) = Rbif- 1 ) n i? s = i? s C -Rfc(/-i) 

for the i?-action on \K,r\. Also, since R b /t-i\ = R^f-i), we can easily obtain Rq( x ) 
byTableEZQ 

We give a remark on injectivity of ^\d r - 

Remark 4.6. (1) If R/Rt ^ (id), Di, D14, then it can be checked case by case 

that any two vertices v % 7^ v l in Dr satisfy v l 7^ v l . In this check, it 
is helpful to note that v l = v % implies v % ~ v l . In the remaining cases, 
v l 7^ v % need not imply v l 7^ v l according to A. 
(2) For any two points x 7^ x' in Z)^, if they are not vertices, then tx(x) 7^ tt(x') 
by the method by which we choose Dr. 

5. EQUIVARIANT CLUTCHING CONSTRUCTION 

Let a compact Lie group G x act affinely and not necessarily effectively on M 2 /A 
through a homomorphism p : G x —¥ Aff(R 2 /A). Assume that p{G x ) = R for some 
R in Table O From now on, we simply denote iC p (G x ),Pp(G x ),ip(G x ),J P (G x ), • • ■ 
by K p , P p , i p , i p , ■ ■ ■ , respectively. In this section, we would consider an equivariant 
vector bundle over R 2 /A as an equivariant clutching construction of an equivariant 
vector bundle over \K. P \. For this, we would define equivariant clutching map and 
its generalization prcclutching map. And, we state an equivalent condition under 
which a preclutching map be an equivariant clutching map. Before these, we need 
introduce notations on some relevant simplicial complices. Since we should deal 
with various cases at the same time, these notations are necessary. 

Denote by C p and C p the 1-skeleton JC P of JC P and the disjoint union U ge £ e, 
respectively. Then, L p is a subcomplex of K p , and can be regarded as a quotient 
of Cp . These are expressed as two simplicial maps 

*£ : Cp — > /C p , p£ : Cp — > C p 

where i^ is the inclusion, and p^ is the quotient map whose preimage of each vertex 
and edge of C p consists of two vertices and one edge of C p , respectively. Two maps 
on underlying spaces are denoted by 

i|£| : \C P \ ->• \K P \, p\£\'.\tp\-*\C p \. 

Here, we give an example of i\n and p\n when p{G x ) = R with R/Rt = (id) and 
R t = (id), i.e. A t = A = A sc i. In this case, K. p = P p with \P p \ = P 4 sq by Table 
11.21 Also, C p is the 1-skeleton of P| q , and C p is disjoint union of four edges of C p . 
These are illustrated in Figure 15.11 In Figure 15.21 one more example of C p and C p 
is illustrated where its notations are introduced in the below. The G x -action on 
M 2 /A naturally induces actions on these relevant simplicial complices JC pi C p ,C p . 

Now, we introduce notations on simplices of relevant simplicial complices. We 
use notations v and e to denote a vertex and an edge of C p , respectively. And, we use 
the notation x to denote an arbitrary point in \C P \. For simplicity, we often denote 
by v,e,x images Pc{v),p£(e),p\£i(x), respectively. Two edges e, e! of C p (and their 
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P\£\ 



2 /A s ' 



\C P \ 



\C P \ 



\K„ 



FIGURE 5.1. An example of i<£i and p^^ when R/R t = (id) and 

A t = A = A sc i. 

images e, e! of C p ) are called adjacent if e ^ e' and ^{\Pc{e)\) = """(IPzCe')!)- I n 
the example of Figure 15.11 two parallel edges are adjacent. And, two faces (not 
necessarily different) /, /' of K, p are called adjacent if there are two adjacent edges 
e <G /, e' £ /'. In Introduction, we have already defined v l 's and e"s. For i £ Zj , 
denote by / l the unique face of K, p which contains the edge e' adjacent to e\ Faces 
/ s 's need not be different. So far, we have finished defining /*, e 1 , v l for superscript 
i£Z lp . 

Next, we define Xj with subscript j for any point x of \C P \. 
Notation 5.1. 

(1) For a vertex v in L p and its image v = tt(v), we label vertices in tt _1 (w) 
with Vj to satisfy 

i) ir- 1 (v) = {v J \j£Z jp }, 

ii) w = v, 

iii) in each face \fj\ containing Vj for j £ Zj , we can take a small neigh- 
borhood Uj of Vj so that 7r(Uj)'s are arranged in the counterclockwise 
way around v. 

(2) For a non- vertex a; in \C P \ and its image x = tt{x), we label two points in 
7T^ 1 (x) with {xj|j £ Z2} to satisfy So = x. 

For simplicity, we denote {v % )j, (a H )j by uj, dj, respectively. 

Now, we introduce superscript i and subscripts +, — for vertices and edges in 
C p . Before it, we introduce a simplicial map. Let c : C p — > C p be the simplicial 
map whose underlying space map \c\ : \C P \ —> \£ p \ is defined as 

for each adjacent e, e' £ C p , each point x in |e| is sent to the point |c|(x) in 
|e'| to satisfy 7r(p|£|(x)) = n(p^(c(x))). 

For example, e and c(e) are adjacent for any edge e in £ p . Easily, \c\ is equivariant. 
For notational simplicity, we define c also on edges of L p to satisfy c(p^(e)) — 
Pc(c(e)) for each edge e. 
Notation 5.2. 

(1) For a vertex v in >C P , we label two vertices in p~^ (v) with v± to satisfy 

P£( c («+)) = Vl and P£(c(«-)) = V-l- 

(2) For a non-vertex x in |£ p |, we denote the point in pT^Jx) as x+ or x_, i.e. 



w* , Vj , d* , dj by u^ , uj j± , d± , dj ± , respectively. 



For simplicity, denote x± for x 
So, if cP is a barycenter of an edge, then d\ = d l _. And, denote by e l the edge in C p 
whose image by p^ is e 1 for i £ Z; . Then, we have finished introducing notations 
in Figure [5T2"1 By using these notations, we introduce one-dimensional fundamental 



domain of \C P \. For any two points a, b in an edge of \C P \, denote by [0,6] the 
shortest line connecting a and b. For D p = [J ieI - [d l ,d t+l ] c |^ P |, we define D p in 
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Figure 5.2. Relation between £ p and C p near / _1 when R/Rt 
D 2 ,Z 4 ,D 4 with A t = A s i 



\C P \ as the disjoint union {J ieI -[d l + , ct^ 1 ] so that P\c\{D p ) = £> p . And, denote by 
Dp the set (7r°Pi,c|) _1 (-Dp) in \C p \ which is equal to 



tei- 



vED„ 



(J [cf + ,dL +1 ]j (J ( (J |c|([cf + ,dL +1 ])J (J ( (J (ttop^)- 1 ^; 

where v — ir(v). 
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For convenience in calculation, we parameterize each edge e 1 linearly by s G [0, 1] 
so that ij\ — 0, b(e l ) — 1/2, v 1 ^ 1 = 1, and parameterize each edge c(e 4 ) linearly by 
s G [0, 1] so that \c\(s) = 1 — s for s G |e*|. We repeatedly use this parametrization. 

Now, we describe an equivariant vector bundle over R 2 /A as an equivariant 
clutching construction of an equivariant vector bundle over \K, p \. Let Vb be a G x 

Q — 

vector bundle over B such that (res ff x Vb)\m() is x _ i s °typical a t each b(f) in B. 
Especially, (res ff x Vb^^j^s are all isomorphic. Also, if we denote by Vf the isotropy 
representation of Vb at each b(f) in B, then Vb — G x X(G x ) b(f) Vf because G x acts 
transitively on B. And, we define Vectc x (K 2 /A, x)v B as the se t 

{£ G Vect Gx (M 2 /A,x) | B| B = V B }. 

Similarly, Vectc x (\fcp\,x)v B 1S defined. Observe that VectG x {\fcp\,x)v B nas the 
unique clement [Fy B ] for the bundle Fy B — G x X(g ) -_i (I/ -1 1 x Vr-i) because 
\Kp\ = G x X(G ) -_ 1 \f~ l \ is equivariant homotopically equivalent to B. Hence- 
forward, we use trivializations 

I/I x Vf for (res,^ , Fvr)\\t\, 
(5.1) J g 3 *^ N , h/I 

|e|xV> for (res (G x x)b(g) iV B )| |g| 

for each face / and edge e G /. Then, each E € Vectc (H^ 2 /A,x)v B can be con- 
structed by gluing Fy B = tt*E along edges through 

|e| X Vf — > |c(e)| x V}-,, ( P|£|(&),u ) i-> ( P|£|(|cp)), p|«|(£) «) 

via some continuous maps 

^|:|e|->Iso(V>,V» 

for each edge e, x £ |e|, u £ Vf where e = P£(e) and e G /, c(e) G /'. The union 
$ = Uviel is called an equivariant clutching map of -E with respect to Vb- When 
we use the phrase 'with respect to Vb', it is assumed that we use the bundle Fy B 
and its trivialization (j5.ll) in gluing. This construction of the bundle is called an 
equivariant clutching construction, and E is denoted by E 9 to stress that it is 
constructed through $. Here, note that $ is defined on p?£.Fy B over \C P \. That is 

why we define C p . Sometimes, we regard $ as a map 

P*\c\F Vb ->p*^F Vb , (x,u) I-4 (|cp),$(x)u) 

by using trivialization (|5.1[) for each (x,u) G |e| x Vi where e G /. Also, note that 
$ should be equivariant, i.e. 

g^ig^^cf 1 = $(£) 

for all g G G x ,x G |£ p | because $ gives an equivariant vector bundle. An equi- 
variant clutching map of some bundle in Vectg (M. 2 /A,x)v B w ith respect to Vb is 
called simply an equivariant clutching map with respect to Vb, and let Qy B be the 
set of all equivariant clutching maps with respect to Vb- We also need to restrict 
an equivariant clutching map in fly B to D p . We explain for this. Let fl^ v be 
the set 

m bp i*Gfv B }. 

If two equivariant clutching maps coincide on D p , then they are identical by equiv- 
ariance and definition of one-dimensional fundamental domain. So, the restric- 
tion map fV B ~~ ► &£) y i $ ^ &\f) is bijective, and we obtain isomorphism 
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7To(f2y B ) = TTolQjj v ) between two homotopies. This is why we restrict an equi- 
variant clutching map to D p . We call a map $ in tty B the extension of <fr| a in 

fi^, y . And, denote by E °p the bundle _E* if $ is the extension of $£, . 

Next, we define preclutching map, a generalization of equivariant clutching map. 
Let C°(|£ p |, Vb) be the set of functions $ on \£ p \ satisfying $||g|(f) G Iso(Vjt, Vp) 
for each e and x G |e| where e, e' are adjacent and e G /, e' G /'. And, let C°(D p , Vb) 
be the set of functions $^ on Z) p defined by 

{<%J$gC°(|4|,Vb)}. 

A function $ in C°(\C p \,Vb) or a function $^, in C°(D p , Vb) is called a preclutch- 
ing map with respect to Vs. Denote by ip l the restriction of $£> in C°(D p , Vb) to 

[cC^cf^ 1 ] for i G I~, i.e. $^ is the disjoint union of ip"s. Then, it is a natural 
question under which conditions a preclutching map becomes an equivariant clutch- 
ing map. We can answer this question for a preclutching map in C°(|£ p |, Vb). A 
preclutching map $ in C°(\C p \,Vb) is an equivariant clutching map with respect 
to Vb if and only if 

Nl. $(|c|(£)) = $(£) _1 for each x G |£ p |, 
N2. For each vertex v G K. p , 

*(«i P -i,+) ' ' ' $ fe,+) ' ' ' *(«(>,+) = id 
for j G Z jp , 
El. $(gx) = gQ^g' 1 for each £ G |£pl>3 G G x . 
We explain for this more precisely. As we have seen in [Ki. , if $ satisfies Condition 
Nl., N2., then the bundle E® is well-defined and becomes an inequivariant vector 
bundle though it need not be an equivariant vector bundle. And, if $ also satisfies 
Condition El., then E® becomes an equivariant vector bundle so that $ is an 
equivariant clutching map. We will answer the same question for a preclutching 
map in C°(D p , Vb) in Section^ 

6. Relations between 7r (JV s ), Vect Gx (R 2 /A, x), A Gx (M. 2 /A, \)- 
Now, we investigate relations between 

MVv B ), Vect Gx (M 2 /A, x )y B , A Gx (R 2 /A, x )- 

Our classification of the paper is based on these relations. Before it, we state basic 
facts on equivariant vector bundles from the previous paper. 

Proposition 6.1. For two maps <£ and 3?' in flv B , if & and <£>' are equivariantly 
homotopic, then E® and _E* are isomorphic equivariant vector bundles. 

When we consider a map in ilv B as a map defined on p%,Fv B , we have the 
following result: 

Proposition 6.2. For two maps $ and®' infl VB , [E*] = [£*'] in Vect Gx (M 2 /A, x)v B 
if and only if there is a G x -isomorphism O : Fy B — >• Fy B such that (j>*^,Q)^> = 

$'(pfg,0) where Pj*£iB : p%,Fy B — > p%,Fy B is the pull-back of 6. 

P\C\ F Vb > P*C\ F V B 



•1- 



<I>' 



pU\ b 
P*c\Fv B > P*c\ F v B 
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Consider the map in : n (^v B ) ~^ Vect Gx (R 2 /A, x)v B mapping [$] to [E®]. This 
is well defined by Proposition 16.11 And, the map pn : "Ka($lv B ) ~* ^G X (R 2 /A, x) 
defined as pn — Pvcct ° *o satisfies the following diagram: 



7T (^ 



^Vect G ™ 2 




We might consider the map pn as defined also on 7ro(fig „ ) because 7To(fiy B ) 



p -Vb' 

^oC^f, iVb )- By using ]%! we would decompose fiy B . Let p Wo : Qf> p y B -> ^o(^£, p |Vb ) 
be the natural quotient map. For different elements in Aq (R 2 /A,x), their preim- 
ages through (po °P-7r ) _1 do not intersect so that we obtain a decomposition of 
fljj v . We describe this decomposition more precisely. For each (Wd<) ieJ + € 

A/'(M 2 /A,x),Put 



V B 



G X X (G x ) d - 



w d -i, f Vb = g x x (Gx)d _ , (I/- 1 ! x WVO, 



and by using these define f^ ^ .-> as (pn o p 7ro ) 



'W* 



JG« 



we will use these Vb and i^V B when we deal with Q, 



D P ,{W dz ) z 



Henceforward, 
Then, given a 



bundle Vb, the set Q.^ v is equal to the disjoint union 



u 



(W d i) 



-GA G , 



X) with W d - 1= V f -! 



Q D p ,(W di ) +■ 



From this decomposition, it suffices to focus on f2^ , w . -, to understand $7^, v . 

ieip 

In general, calculation of woffljj v ) do not give classification of equivariant vec- 
tor bundles even for S* 2 . However, in many cases it gives classification of equivariant 
vector bundles as we have seen in [Ki]. Let c\ : 7To(£V B ) —* H 2 (M. 2 /A), $ n- ci(£'*) 
be the Chern class. 



Lemma 6.3. 



(1) Assume that TTQ^f, t w .\ ) is nonempty for each (W^t) 



tea 



in A Gx (R 2 /A, x), and that c\ : ^o{^£, p ,(w t 



H 2 (M. 2 /A) is injective 



for each (W c ii) i£l + in Ag x (M. 2 /A). Then, p vcc t is surjective, and 

p vcct x ci : Vect Gx (R 2 /A, X ) -> A Gx (M 2 /A, X ) X i7 2 (M 2 /A) 

is injective. 
(2) Assume that 7ro(Qg fw 1 ) consists of exactly one element for each 

(W*W ^^G X (M 2 /A, X ). 27ien 

p vcct : Vect Gx (R 2 /A, X ) -A A Gx (M 2 /A, X ) 

is isomorphic. 

By this lemma, we only have to calculate 7To(r^ ,„^ .% ) to classify equivariant 

vector bundles in many cases. When we can not apply this lemma, we should apply 
Proposition 16.21 directly. In fact, we can apply this lemma except the case when 
p(G x ) is equal to Di with Ac + c — la as we shall see in the below. 
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7. EQUIVARIANT POINTWISE CLUTCHING MAP 

Let <& be an equivariant clutching map of an equivariant vector bundle E in 
Vectc x (R 2 /A), i.e. the map $ glues Fy B along \C p \ to give E. Let us investigate 
this gluing process pointwisely. For each x £ \C P \ and x = ir(x), let x = tt^ 1 (x) = 
{xj\j £ Z m } for some m. Then, the map $ glues the (G x ) x -bund\e (res ( J ■, Fv B )\x 
to give the (G x ) x -representation E x , and call this process equivariant pointwise 
gluing. Here, we can observe that (G x ) x . < (G x ) x for each j £ Z m and 

(7-1) re^f^ E x = (F Vb ) Sj 

by equivariance of $. In dealing with equivariant clutching maps, technical difficul- 
ties occur in equivariant pointwise gluings because $ is just a continuous collection 
of equivariant pointwise gluings at points in \C P \. In this section, we review the con- 
cept and results of equivariant pointwise clutching map from the previous paper 
[Kij . and supplement these with two more cases. To deal with equivariant pointwise 
gluing, we need the concept of representation extension. For compact Lie groups 
iVi < A^2, let V be a ^-representation and W be an iVi-representation. Then, 
V is called an representation extension or N2- extension of W if res^ 2 V = W. For 
example, E x is an (G x )a;-extension of (Fv B ) x for each j £ Z m by (|7.ip . And, let 
ext^ 2 W be the set 

{V £ Rep(A/ 2 ) I res^ 2 V = W}. 

Let a compact Lie group N2 act on a finite set x = {5ij\ j £ Z m } for m > 2, 
and let N and Ni be the kernel of the action and the isotropy subgroup (iV 2 )s , 
respectively. Let F be an iV 2 -vector bundle over x. Assume that (res^ 2 F)\ Xj , s are 
all isomorphic (not necessarily iVo-isotypical) for j £ Z m . Consider an arbitrary 
map 

ip : x ->■ II ieZm Iso(F Sj , F £j+1 ) 

such that ^(Sj ) G Iso(F s • , F x , +1 ) . Call such a map pointwise preclutching map with 
respect to F. By using ip, we glue F x . 's, i.e. a vector m in F s is identified with 
ijj(xj)u in i*k,. +1 . Let -P/^ be the quotient of F through this identification, and let 
Pij, : F — >• F/i/; be the quotient map. Let 1^, : F Xo — > F/ip be the composition of the 
natural injection i XQ : F Xo — ► F and the quotient map p^. 



(7-2) F So —U F 




We would find conditions on ip under which the quotient F/ip inherits an JV2- 
representation structure from F and the map 1^, becomes an N\ -isomorphism from 
F Xo to res N 2 (F/ip). For notational simplicity, denote 

1p{Xj') ■■ ■1p(Xj+l)lp(Xj)u 

by tjji ~ J+1 u for u £ F x . and j < j' in Z. 

Lemma 7.1. For a pointwise preclutching map ip with respect to F, the quotient 
F/ip carries an N2-representation structure so that p^, is N%- equivariant and the 
map i^j is an Ni-isomorphism if and only if the following conditions hold : 

(1) ip m — id in Iso(F x . ) for each j £ Z m . So, ip J is well defined for all j £ Z m . 

(2) ipte-01 = gipixj^g* 1 in F Xji for each j\ € Z m , g £ N 2 when g~ 1 x jl = x h 
and gx j2+ i = x J3 for some j 2 ,j 3 £ Z m . 
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A pointwise preclutching map satisfying conditions (1), (2) of Lemma l7.1l is called 
an equivariant pointwise clutching map with respect to F. Let A be the set of all 
equivariant pointwise clutching maps with respect to F, and an ^-representation 
W is called determined by ip E A with respect to F if W = F/ip. 

Remark 7.2. Here, we give an example of equivariant pointwise clutching map 
by using the bundle Fy B over \K. p \ of Section [5) For each x € \C P \ and x = 7r(a;), 
let x = n^ 1 (x) = {xj\j e Z.,„} for some m. Put F = (res, J n Fv b )\r- Since 

(res ff x V)\ b ,jTj's are all isomorphic, (resj^ 2 F)\ Xj , s are all isomorphic. Given a $ in 
flv B , we can define a map ?/> in A by using $ as follows: 

(1) if x is not a vertex and x — p\£\ (x), then 

i/j(x ) = ${x) and i)(xi) = $(|c|(:r)), 

(2) if a; is a vertex, then 

ipx(%j) = $(£?,+) an d ip^ixj) = $(&j,-) 
for each j g Zj . 
Then, (i?*)^ is determined by tp. 

To calculate 7r (£V B ) later, we need to understand topology of A because an 
equivariant clutching map is a continuous collection of equivariant pointwise glu- 
ings. First, the zeroth homotopy of A is related to ext^ 2 F Sq as follows: 

Proposition 7.3. Assume that N 2 acts transitively x. Then, the map 

ttoM)— >ext$F g0 , [iP]^F/^ 

is bijective. 

Remark 7.4. In Lemma FTTH and Proposition l7.111 17.121 we show that Proposition 
17.31 also holds for the following cases: 

(1) N 2 = Ni = N with m = 2, 4, 

(2) N 2 /N = Z 2 and N 2 /N acts freely on x with m = 4. 

Let A? be the set 

{i>(xj) \4>EA}, 
and let A?^ be the set 

{(V>(%),V(%')) Ug-4}- 

In the below, it will be witnessed that A is homeomorphic to A? or .A- M in many 
cases in the below. For example, the evaluation map 

A^t A j , ip ^ip(xj) 

is homeomorphic by Lemma 17.11 (1) when m = 2. Meanwhile, we also need to 
restrict our arguments on A to {xj,Xj/} as follows: let Ajj' with j =/= f be the 
set of equivariant pointwise clutching maps with respect to the (7V2){ 2iS .,}-bundlc 

( res nv,V, , t F )\{Sj,x,,} where (N 2 ) {x -.^ x ,.,} is the subgroup preserving {%,%}. 
And, let A k j j, for k = j, j' be the set 

{ip(x k )\ip € A jd >}. 
Then, we obtain a useful lemma. 
Lemma 7.5. The map veSjji : A —> A.j j>, ip i— > iesj t j>(ip) with 

re8 jtj >(i/>)(xj) = ^'~ J (%), reSjjWixj') = ip 3 ' (xj>) 
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is well defined. And, 

res ^ 2 ) {£j .,*.,} W) " ( res (^ 2 ) {:E: ,, iy} F )lfe^'}/ res w'W 
/or eac/i ip € A. 

Proof. The injection from (res,^ -, F)\{x -.x ■,} to F induces the isomorphism 

through p TWjtjl (</,) and p^ . D 

For ip G A, denote by A^ and A*L the path component of A containing ip and 
the set {ip'(xo)\ip' G A^}, respectively. Then, each path component is expressed 
by isomorphism groups. 

Lemma 7.6. For each ip G A, A^ is homeomorphic to 

lso Nl (F/iP)/Iso N2 (F/iP). 

In some special cases, we can understand A and A^ more precisely. 

Lemma 7.7. If m = 2, then A is homeomorphic to A . Moreover, if N2 = N\ = 
N , then A is homeomorphic to A = Ison 2 (F So , F Sl ). 

Proposition 7.8. Assume that N2 = (No,ao) with some ao G N2 such that a^Xj — 
Xj+i for each j G Z m so that N2/N0 = Z m and N± = Nq. Then, 

(L) A pointwise preclutching map ip with respect to F is in A if and only if 
ip m = id, ip(x ) G lso No (F S;a ,F S;i ), and ip{xj) = a ip(x )aQ J for each j G 

Z m . 

(2) A, At/; are homeomorphic to A , AL, respectively. 

(3) If F So is No-isotypical, then A^p is simply connected for each ip in A. 

Proposition 7.9. Assume that N2 = (No,ao,bo) with some ao,bo G N2 such 
that aoXj = Xj+i and bgXj = x-j+i for each j G Z m so that N%/ 'Nq = D m and 
Ni = (N ,b a ). Then, 

(L) A pointwise preclutching map ip with respect to F is in A if and only if 
i/j m = id, ip(x ) G lso No (F Sa ,F Sl ), ^(xi) = boipixo^ 1 , and ip(xj) = 
a ip(xo)aQ J for each j G Z TO . 

(2) A, A^ are homeomorphic to A ,A^L, respectively. 

Proposition 7.10. Assume that AT 2 = (Nq, ct\, 012, o-z) with some ctj 's in N2 such 
that a.\Xj = X-j+i, ci2Xj = Xj+i, ct^Xj = X-j+3 for each j G Z TO with m = 4 so 
that N2/N0 = Z2 x Z2 and N\ = Nq. Then, A is homeomorphic to A 0,3 . 

For two points Xj,Xj> in x, Xj ~ xy means that Xj and Xj> are in an A^-orbit. 

Proposition 7.11. Assume that N2/NQ = Z2 and N2/NQ acts freely on x with 
m = 4. 

(L) If Xj ~ Sj' and Sj' ^ Xj" for some j =/= j' =/= j" , then 

ICOi 7' ^\ iCOi' 7" . w^T. * 1/H1 j' 'N w'T-7 7 

is homeomorphic. 

(2) ^H, •„ = IsoAr (i ? 'x/ ) Fxii)- If Fx a is No-isotypical, then path components of 
Ajj> are simply connected and tt(A^) = Z /or each ip <E A. 

(3) F/V = (res^ 2){ ^ F)\ {s . jiS .., } / TeSj,y(ip) for any ip € A. 

Proof For simplicity, assume that N2 — (Nq,(Xo) with some ao G N2 such that 
aoXj = X3+2 for each j G Z4. And, we prove this proposition only for j — 3,j' — 
l,j" = 0. Then, it suffices to show that 

p : A ->• ^ 4 x .4? , V H- (ip{x )ip{x 3 ), ip(x )) 
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is homeomorphic to show (1) by Lemma 17.71 First, we show injectivity. Given 
ip(5io)ip(x3) and ip(x3), i.e. ip(xo) and ip(xs), equivariance of ip gives us 

ip(x~i) = ip(a x 3 ) = a ^(S 3 )a ( 7 1 . 

By ip A — id, ip(x2) is also obtained. So, we obtain injectivity. Next, we show 
surjectivity. Given two arbitrary elements A £ A® i and A 1 £ Af 3 , A~ l A' is Nq- 
equivariant. We would construct ip £ A s.t. ip(xo) = A and ^(^3) = A~ x A' . Define 
pointwise preclutching map ip as 

ip(xo) = A, 

ip(xi) = a i/j(x 3 )a 1 , 

ip(x 2 ) = aoipixo)^ 1 , 

*P(x 3 ) = A- 1 A'. 

To show ip € A, we only have to show that 

ip(x3)ip(x2)ip(xi)ip(xo) = id 

by Lemma 17.11 This is equivalent to 

(*) tp(xo)tp(x3)tp(x 2 )ip(xi) = id. 

Here, ip(xQ)ip(xz) = A! and 

ip(x2)ip(xi) = ciQipixo)^ 1 ■ aoipix^ciQ 1 

= ao^4'a . 

Since A' £ Af^, aoA'cp 1 = A'^ 1 by Proposition 17751 (1) so that we obtain (*). 
Therefore, we obtain a proof of (1). 

Next, we prove (2). Since (N 2 ){x 1 ,x } = N , we obtain A\ fl = lso N2 (F So ,F Sl ) 
by Lemma 1 7. 71 By Schur's Lemma, A\$ is path connected and ^1(^1^0) — Z. And, 
since (iV^)/^ Sl \ — ^2, simply connectedness of each path component of ^3,1 is 
obtained by Proposition l7.8l Therefore, we obtain a proof of ir{A x p) = Z by (1). 

Last, (3) follows from Lemma [7751 □ 

Proposition 7.12. Assume that gxj = Xj for each g £ N%, j £ Z4, i.e. W2 = A*o. 
Then, 

(1) A is equal to 

{ip I ip(xj) £ IsOjv (i^ , Fx j+1 ) /or eac/i j G Z4, and V 4 = id}- 

And, p : A -)• ^ J+1 x i^ /+1 x ^•» )J -» +1! V ; •-> (^feO^feO^fe-")) * s 
bijective for j ^ j' ^ j" . Here, A 3 j:j+1 = lso Na (F S] , F Sj+1 ). 

(2) If F is No-isotypical, then tt\{A) = Z 3 . 

Proof. Since N2 fixes all ajj's, we have N2 = Nq so that Lemma [7771 gives ,/4£ 7+1 = 
Ison- (F Sj ,F Sj+1 ). This and Lemma ITTTl proves (1). That is, ip(x~j) in Ajj +1 = 
Isojv 2 (-Fk,- j Fxj+i) for three j's are free and the remaining one is restricted by ip 4 = 
id. 

Schur's Lemma and (1) give a proof of (2). □ 

Since any ip in A glues all fibers of F to obtain a single vector space F/ip, ip might 
be considered to glue each pair of fibers of F. That is, ip determines the function ip 
defined on x x x — A sending a pair (%, x') to the element ip(x,x') in Iso(F s ,F s i) 
such that each u in F s is identified with ip(x, x')u in F s i by ip, i.e. ip{x, x') satisfies 
Pip{u) = Pif>(ip(x,x')u) where A is the diagonal. Call ip the saturation of ip. Since 
the index j is not used in defining ip, it is often convenient to use ip instead of 
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ip. Denote by A the set {tp\ ip £ A}, and call it the saturation of A. And, denote 
F/ip,p^ also by F/ip,p^, respectively. 

8. A LEMMA ON FUNDAMENTAL GROUPS 

In this section, we recall two lemmas needed to calculate homotopy of equivariant 
clutching maps from [Kij . One is just a rewriting of Schur's Lemma. Another is on 
relative homotopy. 

Lemma 8.1. For x £ Irr(iJ), let W be a x~isotypical H -representation. For the 
natural inclusion i : Iso^W^) — > lso(W), the map 

I* : ni(lso H (W)) -> tti(Iso(W)) 

is equal to the multiplication by x(id) up to sign between two Z 's. 

Here, we recall a notation. 

Notation 8.2. Let A be a topological space. For two points yo and y\ in A and a 
path 70 : [0, 1] —> X such that 70 (0) = yo and 70 (1) = J/i, denote by 7 the function 
defined as 

7 : 7Ti(A,y ) — > ^i(X,yi), a h-> 7^ .cr.70 

for <T £ 7Tl(X,J/ ). 

Lemma 8.3. Let X be a path connected topological space with an abelian 7Ti(A). 
Let A and B be path connected subspaces of X. Also, let to and i\ denote inclusions 
from A and B to A, respectively. Pick two points yo € A and y\ £ B, and a path 
70 : [0, 1] — > A such that 7o(0) = yo and 7o(l) = Ui- Then, we have an isomorphism 

II : tti(X, yi )/ {7 (to,7ri(A y )) + *i*7ri(£, Vl )} — ► [[0, 1], 0, 1; A, A, B], 

M ' — ► [7o .o-]- 

9. Equivariant clutching maps on one-dimensional fundamental 

DOMAIN 

In this section, we find conditions on a preclutching map <!>£> in C°(D p , Vb) to 
guarantee that $^, be the restriction of an equivariant clutching map. By using 
this, we show that f^ , w . is nonempty for each {W d i) ieI + £ Ag x (M 2 /A,x). 

For these, we define notations on equivariant pointwise clutching maps with respect 
to the (G x )a;-bundle (res (c ? -. Fv B )\^-i( x ) for each x € \C P \ and x = tt(x), and 
prove some lemmas on them. Then, we can apply results of Section [7] in dealing 
with 0^, i W \ ■ Concrete calculation of homotopy of equivariant clutching maps 

^eIp 

for each case is done from the next section. 

Henceforth, assume that R = p{G x ) for some R in Table HTT1 First, we define 
the set Ax of equivariant pointwise clutching maps for each x in \L P \. For each x 
in C p and x = 7r(x), put x = 7r _1 (x) = {xj\j £ Z m } for m = j p or 2 according 
to whether x is a vertex or not. Then, let Ax be the set of equivariant pointwise 
clutching maps with respect to the (G x ) x - bundle (res, A » Fv B )\x- Here, we need 

to explain for codomain of maps in Ax- For each x G \C P \ and ik% £ As, ipx(xj) is 
in 

Iso((F VB ) Xj ,(F VB ) Sj+1 ) 

for j £ Z Jp or Z 2 . If Xj € |/| and Xj+i £ |/'| for some / and /', then ip x (xj) is 
henceforth regarded as in Iso [Vt, Vp). This is justified because we have fixed the 
trivialization (res fc ? ■, _ Fv b )\,f, — |/| x Vi for each face / £ K, p . We define one 
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more set Ag of equivariant pointwise clutching maps for each edge e and its images 
e = Pc{e), |e| = 7r(|e|). For each x in |e| and x = P\n{x), put 

4 = x, x[ =P\£\(\c\{x)), and x' = {x'j\j G Z 2 }. 

Consider the set A x of equivariant pointwise clutching maps with respect to the 
(G x )| e |-bundle ( res (c ? ■. i*V B ) | x ' where (G x )|e| is the subgroup of G x fixing |e|. As 
for Ax, each map ipx in A x is considered to satisfy 

ife (^ ) G Iso(V>, V> ) and V* (si ) G Iso(V> , Vj) 

when Sq G |/| and x[ G |/'| for some / and /'. Here, observe that .4 X is in one-to- 
one correspondence with Ay for any two x, y in |e|, i.e. an element ip x in A x and an 
element ip y in ^ are corresponded to each other when ip x (x'j) = ipy{y'j) for j G Z 2 . 
This is because the (G x )| e | -bundle (res f( ? % F\/ B )| x < is all isomorphic regardless 
of £ G |e|. It is very useful to identify all .4 x 's for x G |e| in this way, so we denote 
the identified set by Ag- That is, each element ip g in Ag is considered as contained 
to A x for any x G e according to the context. 

Next, we would define a G x -action on saturations. First, we define notations on 
saturations. For each x = 7r(x) and ip x G .4 X , denote saturations of *4 S and ipx by 
.4 X and V> x , respectively. Since index set is irrelevant in defining A x , the saturation 
depends not on x but on x. This is why we use the subscript x instead of x. For 
any g G G x , the function g • ip x is contained in „4 9X where g ■ ip x is defined as 

(5 • ^x)(y, y') = g^xig' 1 ^., g^y^g' 1 

for any y ^ y' in n (gx). That is, we obtain g„4 x = *4g X . Especially, it is easily 
shown that g • V> x = ip x for each g G (G x ) x by equivariance of ip x so that A gx = Ar- 
From this, it is noted that if g'x = gx for some g' ,g G G x , then g' ■ ip x = g ■ tp x 
because g' = g{g~ l g') with g~ l g' G (G x ) x , i.e. g-V>a; is determined by not g but gx. 
We have defined a G x -action on saturations. Since A x and A x are in one-to-one 
correspondence, A x 's also deliver the G x -action induced from G x -actions on A x 's, 
i.e. g • ips G -4 9 x for each ip s G .4 X is defined and A gx = gAr- Here, we prove a 
useful lemma on this action. Before it, we state an elementary fact. 

Lemma 9.1. Let G be a compact Lie group acting on a topological space X . And, 
let E be an equivariant vector bundle over X. Then, 9 E X = E gx for each g G G and 
x G X. Also, 

reS G x nG x / E x — res G x nG x / E x ' 

for any two points x, x' in X which are in the same component of the fixed set 

j^G x nG x , 

Here, we explain for the subscript 9 . 

Definition 9.2. Let if be a closed subgroup of a compact Lie group G. For a given 
element g G G and W G Kep(K), the gifg~ ^representation 9 W is defined to be V 
with the new g_ftTg~ ^action 

gKg~ x x W — >• W, (k, u) 1-4 g~ 1 kgu 

for fc G gKg~ x , u £ W. 

Lemma 9.3. For eac/i x G |£ P |, x = tt(x), g G G x , "0 2 G -4 2 , we have an (G x ) gx - 
isomorphism 

( res ?G X x ) 9X F ^ ) l 9 x/.g 'is » ( ( res J x)b F Vfl ) |i/^ x ) . 
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Proof. Put L = (g, (G x ) x ), and let fco S N be the smallest natural number satis- 
fying g k ° £ {G x ) x where such a number exists because R = p{G x ) is finite. To 
prove this lemma by Lemma 19.11 we would construct an L-bundle J- over the orbit 
Lx = {x,gx, ■ ■ ■ ,g k "~ 1 x}. Put T = (res L x Fv b )\lx over Lx, and consider the in- 
equivariant T over the orbit Lx whose fiber T g k x at g k x is equal to F\ g k 5t /(g k ■ ip x ) 
for k — 0, • • • , fco — 1. And, let P : J- — > J- be the map such that the restriction 
of P to -F| g fcx is equal to p g k.. l p x where Pgk.^^ : F\ g k^ — > F\ g k jt /(g k ■ ip x ) is the 
quotient map of (|7.2[) . Then, we would define an L-action on J 7 as lu = P{lu) for 
each I £ L,u £ F, and any u £ P _1 (u) so that P becomes L-equivariant. As long 
as this is well defined, it is easily shown that it becomes an action because it is 
defined by the L-action on J- through P. So, we would prove well definedness of 
the action. For this, it suffices to show P(lu) = P(lu') for each I £ L and each u, u! 
in T satisfying P(u) — P(u'). If u £ (Fv B ) g k x . and v! £ {Fv B ) g k x ., for some j,j', 
then P(u) = P(v!) is written as 



(*) {g k -^ x ){g k x 3l g k x r )u = u'. 



,/:' 7/ 



Note that lu £ (Fv B )i g k x . and lu' £ {Fv B )i g k Xl . And, put I — g I' with I' £ L g k x 

and some integer k' so that lg k x = g k+k x because V fixes g k 5i. Remembering that 
the restriction of P to F\ lg k R — F\ gk +k'^ is equal to Pgk+h'.j, P(lu) — P(lu') is 
shown as 

(g k+k ' ■$ x )(lg k x J ,lg k x J ,)lu 

=9 k ' (9 k ■ 4>x)(g~ k ' 'lg k Xj,g~ k ' 'lg%,)g- k ' lu 

=g k 'l'l'- 1 (g k -^ x )(l'g k x J ,l'g k x r )l'u 

=g k 'l'(l'- 1 g k ■ ijj x )(g k x j ,g k Xf)u 

=l{g k ■4> x )(g k x ,g k x r )u 
=lu' 

where we use (*) in the last line. So, we obtain well definedness of L-action on T ' . 
By definition, isotropy representations F x and F gx are equal to representations 



( res (4)* FvB )l*/^ and ( res (G x ) 9 « FvB )' 9i / ff '^ x ' 
respectively. Then, the lemma follows from Lemma 19.11 □ 



To investigate VL^ ™ , , we need to understand A x precisely for each x £ 

\C p \. For this, we need prove a basic lemma on relations between Ag. and A x 
with x = v l or v l+1 . Also, we prove lemmas on evaluation of equivariant pointwise 
clutching maps. 

Lemma 9.4. Put v fe = 7r _1 (u' t ') = {xj \ Xj — v k for j £ %j } for k = i, i + 1. And, 
put v /l = {v' , v\} and v' i+1 = {y* +1 , v^ 1 }. 

(1) A x C A S i for each interior x in \e l \. 

(2) A s t = As for each interior x ^ b(e l ) in |e*|. Moreover, A S i — Augi\ if 
( G x)b(e<) = ( G x)x f° r x = 7r (^)- 

(3) A%cA% andA^cAl,. 

(4) For each ipyi in Ayi, we have tp^iiv^) = ^(^o) f or ^ e u ™Q ue ip& € -4gM 
and 

res (S);l {( res f4)„, F Vb)W/1>v*} = ( r esf G x x) Ly B )|v'./^- 
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(5) For each ipyt+i in Ayi+i, we have Vv+ 1 (^'- t i ) = ■ip S i(v t ^ 1 ) for the unique 
ipgi G A s i , and 

res (S),eT {( res f4)„ I+ i Fv B )y+i/i>v^} = ( res f G x x)|eS| F VB )\^ + l/^. 

Proof. (1) follows from (G x )i e ti C (G x ) x when x — tt(x). (2) follows from (G x )i e »i = 
(G x ) x . Similarly, (3) holds by Lemma fTT5l and (G x )\ e i\ C (G x )y«, {G x )\ e i\ C 
(G x )v'i+i where (G x )^n and {G x )^n+i are subgroups of G x preserving v /l and 
v' l+1 , respectively. The first statement of (4) follows by (3) and Lemma [7.71 By 
Lemma 17751 we have the second statement of (4). Similarly, (5) is also obtained. □ 

Lemma 9.5. For a vertex v in K, p and v — tt(v), if R v — Z m or D m with m — 
|7r (u)|, then Av — > A® is injective. 

Proof. Proof is done by Proposition [7751 (2) and 17751 f 2), D 

Lemma 9.6. If R/R t ^ (id),Di with Ac + c — lo, then the map 
A* -> A% x A' 1 , W •-> ( Vv(uj), W(^_i) ) 
is injective. 

Proof. In these cases, R v i is not trivial by Table 14.21 and it is checked case by 
case that ( ^^(vq), Vv(^-i) ) determines i/v by using equivariance of equivariant 
pointwise clutching maps. In this check, Lemma 19.51 is helpful. □ 

Now, we state conditions on a preclutching map $£ in C°(D p , Vb) to guarantee 
that <&„ be the restriction of an equivariant clutching map. When A t = A sq , pick 
two elements go,gi G G x such that 

p(go)[x] = [x+ (1, 0)], p( 9l )[x] = [x+ (0, 1)]. 

When R/Rt — Di with Ac + c = Iq, pick an element g^ £ G x such that p{g2) is 
[Ax + c] where j4z + c is the glide through |c + L and ^(Ac + c). Also, we define a 
terminology. 

Definition 9.7. For x G \C p \, x = 7r(x), -0s € -4s, * € C°(|£ p |, Vb), the map V's 
or its saturation %\) x is called determined by $ if $ satisfies the following condition: 

$x(p\£\(x),P\£\(\c\(x))) = *(£) 

for each x G (7r ° _Pi£i ) 1 (ic) ■ The condition is concretely written as 

(1) if x is not a vertex, then 

ipx(x Q ) = $(x ,+) and Vs(Si) = $(|c|(x ,+)), 

(2) if x is a vertex, then 

V'sfe) = $(%,+) and Vs 1 ^) = *(%,-) 
for each j G Zj . 

Theorem 9.8. When R = p(G x ) for some R in Table \77l[ a preclutching map $^ 
in C°(D p , Vb) is in J7^, v if and only if there exists the unique tps G -4s for each 
x G -Dp and a; = ir(x) satisfying 

E2. ^^|£|(£),P|£|(|c|(x))J = Qfy^x) for each x G £> p , 

E3. /or eac/i x,x' G -D p and i/iezr images x — n(x),x' — tt(x'), if x' = go: /or 
some g G G x , i/ien Vv = 5 ' Vv 

A set (V , s) SG £) with S G >4 S is called determined by <!>£> G C°(D P , Vb) if $/, 
is in £7^, „ and each ip s is the unique element of this theorem. 
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Proof. For necessity, it suffices to construct a map $ in Q,\r B such that $|^ = $^=, . 
For this, we would define $ on D p , and then extend the domain of definition of $ to 
the whole \C P \. First, we define $ on D p so that each tp s is determined by $. Then, 
Condition E2. says that $|^ = $^ . Next, we define $(£:) = g~ 1 &(gx)g for each 

x £ |£ p | and some g £ G x such that gx is in D p . We need prove well defincdncss 
of this. Assume that y = gx and y' = g'x are in D p for two elements g, g' in G x 
so that y' = g'g~ l y- And, let y and y' be images of y and y' through ir op^i, 
respectively. Then, y' — g'g~ 1 y. These give us -</y = (g'g~ 1 ) ■ 4> y by Condition E3. 
From this, we obtain 

. 9 '- 1 $( ? /).g' = . g '- 1 ^( P|£ |(y'),P|£|(|c|(y , ))).9' 
= 3 _1 VA/(p|£|(£),P|£|(|c|(£))Js 

= g- l ${y)g 

where we use equivariance of \c\. So, well definedness is proved. It is easily checked 
that 3> satisfies Condition Nl., N2., Ef. Therefore, $ is the wanted equivariant 
clutching map. 

For sufficiency, assume that $^ = $1^ for some <f> £ £lv B - Then, we should 
choose the unique ip s € As for each x £ D p satisfying Condition E2. and E3. 
When we show that ipx's satisfy Condition E3., it suffices to consider only vertices 
x's by definition of D p . In ~ entry of Table 1X731 vertices in the same orbit are listed. 
Proof for sufficiency is different according to R, especially choices of ipx's- 

First, assume that R/Rt is not equal to one of following groups: 

D 2 with A t = A cq , D 2 , 3 with A t = A cq , (id), Di, D M . 

At each x £ D p , the unique ip s in As is determined by $ because $ satisfies 
Condition Nl., N2., El. Moreover, it can be checked that ip% is the unique element 
satisfying Condition E2. for each x by Lemma 19761 So, it suffices to show that ipx's 
satisfy Condition E3. However, since $ is equivariant, i/^'s satisfy Condition E3. 

Second, assume that R/Rt — D 2 or D 2 ,3 with A t = A oq . Observe that there 
exists the unique i/js satisfying Condition E2. for each x £ D p — {v 2 } or D p — {v 1 } 
according to R/Rt = D 2 or D 2 3 by Lemma 19.61 respectively. For the remaining 
one point, pick the unique element as 

VV = 9 ■ Vv 
in A v 2 by Condition E3. when R/Rt = D 2 and gv^ = v<i for some g £ G x , or 

Vv = 9' ■ Vv 

in A v i by Condition E3. when R/Rt — D 2j 3 and </v 2 = v\ for some g' £ G x . By 
definition, these two are determined by $ because <I> is equivariant. So, these two 
satisfy Condition E2. From this, all ipx's satisfy Condition E2. By definition, these 
two also satisfy Condition E3., and this implies that all ipx's satisfy Condition E3. 
by ~ entry of Table 11.31 Uniqueness of ip v 2 and ip v i is guaranteed by definition 
because ip v 3 and ip v 2 should satisfy Condition E3. 

Third, assume that R/Rt — Di with Ac + c — or D14 . Observe that there 
exists the unique ip x ' satisfying Condition E2. for each x £ £> p ~ {v ,^ 1 } by Lemma 
19.61 For the remaining two points, pick unique elements 

ipv° = 9a 1 • $v3, "01,1 = 90 1 ■ 4>v-> in A v o, A v i 
when R/Rt = Di with Ac + c = 0, and 

ipv = 9\ l ■ Vv, Vv = 9a 1 ■ 4>v 3 in A v o, A v i 
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when R/Rt = Di^, respectively. Then, the remaining proof is the same with the 
second case. 

Last, assume that R/ Rt = (id) or Di with Ac + c — fo- Observe that there exists 
the unique ip x satisfying Condition E2. for each x £ D p — {v 2 , v 3 ,v } by Lemma 
19.61 Since D p — {v 2 ,v 3 ,v } has no vertex, these ips's satisfy Condition E3. Then, 
we should show unique existence of ip s for x E {v 2 , v 3 , v } to satisfy Condition E2., 
E3. To show uniqueness, first assume existence so that all f/'s's f° r % € {v 2 ,v 3 ,v } 
satisfy Condition E2., E3. Then, Condition E2. says that 

(*) lM« 2 ) = */>,(«+), ^ 3 1 (v 3 ) = <P f)p (v 3 _), 

And, Condition E3. says that that 
(**) ip v 2=gi-i> v 3, 

_ J gQ lr ip v 3 when R/R t = (id), 



^ v ° 1 (025i) _1 Vv when R/R t = Di with Ac 
By r/; e a(u 2 ) of (*) and ip v 2 of (**), we have 
(***) ^(v 3 i)= 9x^6^1)91 

because g\v\ — v 2 . Similarly, by ip. B o(v°) of (*) and i/J„o of (**), V^^f) is equal to 

1 ' \ 929i^D p {v^){g29iy l when R/R t = T) 1 ,Ac + c = I . 

By (*), (***), (****) ; ^- 3 i s uniquely determined by values of $^ so that ipy 21 ^ Vo 
are also uniquely determined by Condition E3. So, we obtain uniqueness. Proof of 
existence is easy. Define iftv 3 as in the proof of uniqueness. By equivariance of $, we 
have ipy 3 £ Ay3. And, define ifjv 2 and ipy as in (**) so that ^ s 's satisfy Condition 
E3. Since $ is equivariant, %p$ 3 is determined by $ by definition of ipy a . So, tj)v 3 
satisfies Condition E2. Again by equivariance of $, ip^ 2 and i/> 0o satisfy Condition 
E2. Therefore, we obtain a proof. D 

Remark 9.9. This theorem holds even though we might omit the word 'unique' 
in the statement of the theorem because uniqueness is not used in the proof of 
necessity. 

By using Theorem 19.81 we would describe fi^, v through Ax's. Define the 
following set of equivariant pointwise clutching maps on d l, s. 

Definition 9.10. Denote by A Gx (R 2 /A, V B ) the set 

{Cfe W„ I i>d* e A? and VV = 9-ipd' if d % = gd l for some g £G X }. 
For (tp^) ie i p G A Gx (R 2 /A,V B ) and ^ £ ^f, p y B , the element (V'dO.eJ, is de- 



termined by $^ if V'J i ' s are unique elements determined by $^ in Theorem [ 
Also, for {W d i)- eI + G A Gx (M 2 /A,x) and (^) 4e i P G i Gx (M 2 /A,V B ), the element 
(Wd<)jc7+ is determined by (ip3i)iei p if Wd* is determined by ^ for each i G /p. 

Corollary 9.11. The set £1 a y is eguaZ to i/ie sei 

¥>*(<?+) = ^ (<?), ¥>*(£*) = V^ (d i+1 ), ?<(*) G .4°, 

/or eac/i i€ I~, x £ [d l + ,<t+ 1 ]. and some (ip ( j')iei P G ^ Gx (R 2 /A, Vg) |. 
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Proof. To prove this corollary, we would rewrite Theorem 19.81 by using A S i and 
j4g x (K 2 /A, Vb). By Theorem 19.81 a preclutching map 4>^, is in fJ^, v if and only 
if a set $ = (ipx)xeD 1S determined by $£, . As we have seen in the proof of 
the theorem, gx = x' with x 7^ x' in Condition E3. is possible only when x and 
x' are cf's (of course, more precisely when they are images of vertices). So, ^f is 
determined by <£>£, if and only if (V'dOieip satisfies Condition E2. and E3. and 
vp — (ipai)i£i satisfies Condition E2. Here, (ip d i)t£i satisfies Condition E2. if and 
only if 

(*) ¥>'(<?+) =1^0?) and ^(rfl +1 )=^i +i (^+i) 

for each j G J~. Lemma Ell (3) says that (*) implies y>*(i) € .4°* for x = d^,^ 1 . 
So, (*) could be redundantly rewritten as 

(**) *<(£+) = 1>ii@), ^Kl +1 )=V'^ 1 (<f +1 ), and^(4)e^ 

for a; = d^ , cC 1 " . And, (ip d i)iei satisfies Condition E3. if and only if 
(***) (V#)ie/, G A Gx (R 2 /A,^b). 

Next, we deal with ipx's in vp — (V'dOie-Tp! i- c - ^' s m (<^,cf +1 ) for some i G 7~. 
They satisfy Condition E2. if and only if ip&(x) = <y9 l (ir+) for each x and i such 
that x G (d\d l+1 ). And, this is satisfied if and only if <p l {x+) G A% = A° st and 
we have chosen ipx's such that ips(x) = <p % (x+) for each i, x. In summary, three 
conditions of this, (**), (***) are equivalent conditions for <]/ to be determined by 
$a . Therefore, we obtain a proof. □ 

Up 

By using this corollary, we would show nonemptiness of f2^ (w .\ ■ For this, 

teip 

we need a lemma. 

Lemma 9.12. For each (W d i) i&1 + € A Gx (M 2 /A, x), «/we put 

Vb = G x x^^ W d -i, F Vb = G x x {Gx ) d ^ (I/" 1 ! x W d -i), 
then we can pick an element (ipd^ieip * n ^4g x (R 2 /A, Vb) which determines (W d i) iGl + . 

Proof. For each i € I p , put x = 7r _1 (of l ) = {%|xj = cfi for j G Z m } for m = j p or 

2. Put F 4 = (res^ x)di F Va )| a , and iV 2 = (G x ) di , N, = (G x ) c(Ji) , 7V = 7f. Since 

W^- 1 is X-isotypical and G x fixes x, (resj^ 2 Fj)| 2j . 's are all isomorphic regardless of 
j. So, the (G x ) d i -bundle i^ satisfies the assumption on F in Section [7] Note that 

(Fi) £o Si resg"]"-; W d -i 

because (G x ) C( y;) = (G x ) So . This implies 

by Definition II. II ( 4). i.e. W^ is a (G x )^-extension of (Fi) So . So, Proposition 17.31 
says that there exists an element ijj d i in A d i which determines W d % . If d l = g ■ d 1 
for some g G G x , then the element g ■ ip d % in .Ajp satisfies 

by Lemma l9.3l and Definition II .11 (3). So, we may assume that ip d p — g ■ ip d i . Then, 
(tp d i)i^j p is in Ag x (M 2 /A, Vb) which determines (W d i) ieI +. Therefore, we obtain a 
proof. □ 

Proposition 9.13. For each (W d i) ieI + G Ag x (^ 2 /A, x), &■£> rw ■) is nonempty. 
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Proof. By Lemma [9.1 21 we can pick an element (^ji)j g / in Aq (K 2 /A, Vb) which 
determines (W d t) ieI +. For [d l ,d l+1 ] C D p , Lemma W^\ says that both ip di (d' 1 ) and 

^Ji+i(cf +1 ) are in (-4. g >)° which determine resL "j*^ W d , and resL* j + 1 W d i+i, 
respectively. Since these two are isomorphic by definition of Aq (R 2 /A,x), Propo- 
sition [731 says that ip d i{d l ) and 4>~ d : ? +1 (d l+1 ) are in the same component of (*4g0°- 
So, we can pick a function if 1 : [d+jd 1 ^ 1 ] — > (A S i)° C Iso(VV-i, VV«) such that 
^{d\) = ^((f) and ^(dl +1 ) = ^+i(^ +1 ) for each i e /"". From this, ^ = 
Uj e/ -(,5 J is in ftjj v by Corollary 19. Ill Therefore, we obtain a proof. □ 

10. The case of R/R t ^ (id), Di with Ac + c = l 
Now, we are ready to calculate homotopy of equivariant clutching maps. 



Theorem 10.1. If p(G x ) is one in Table [1701 then irofilp i w \ ) is one point 
set for each element {W d ,) ieI + € A Gx (R 2 /A,x)- 



R/Rt 


A t 


D 2 ,2,D 2 ,D4 


A=q 


D2,D 2 , 3 ,D3,D 6 ,D 3 , 2 


Acq 


Di with Ac+ 5 = 0, 

Dl,4 


A s i 



Table 10.1. p(G x ) such that 7ro(0^, (VF .-> ) consists of one element 



Proof. We divide these groups in the table into two categories. The first are the 
following six kinds of groups: D2,2,D2,D4 when A t = A sq , and D3,Dg,D32 when 
A t — A eq . The second are the remaining. We deal with two categories one after 
another. When R = p(G x ) is given, put 

Vb = G x x^)^ W d -x, F Vb = G x * {Gx)d _ x (I/' 1 ! x W d -i) 

for each (W di ) i£l + £ A Gx (R 2 /A, x )- 

Assume that R = p(G x ) is in the first category. By Table ll.3[ cf 's are all 
vertices. For two arbitrary $^, = \J ieI - f % and $'- = {J ieI - <p n in 0,^ i w A i 

let {ip d i)iei p and {ip' di ) i& i p in Ac x (^ 2 /A, Vb) be two elements determined by $£, 
and $'- , respectively. We would construct a homotopy connecting $a and <f>'~ 

.L'p ^p i^p 

in n^ , w % . First, we show that we may assume that (ip / ^ i )i & j p = {ip d i)iei p - 

Since ^j, and -0^ for i £ I p determine the same representation W^ , these two are 
in the same path component of A d t by Proposition [731 Take paths 7* : [0, 1] — ► ^4ji 
for i £ I p such that 7*(0) = Vji and 7*(1) = ip d i. If cP — g ■ d l for some g e G x , 
then g • 7 1 satisfies (5 • 7*)(0) = ipL, and (g ■ 7*)(1) = t^' by Definition 19.101 So, 
we may assume that 7* = <? • 7* if cf — g ■ d % . Here, these 7*'s are well defined 
because elements of Ag% are fixed by (G x ) d t. Recall that the parametrization on 
e* = [i'X,^ 1 ] by s £ [0, 1] satisfies v\ = 0, b(e l ) = 1/2, w!_ +1 =lforiS I~. Then, 
we construct a homotopy L l (s,t) : [d l + ,d 1 ^ 1 ] x [0, 1] — ► .Ag* for each i £ I~ as 

L'(s,t) = 7 l ((l-3s)t)(d i ) for s€ [0, |], 

L*(a,t) = ^(3a-1) for*€[i,f], 

L l (s,i)=7 l+1 ((3s-2)t)- 1 (rf 1+1 ) for se [|,1]. 
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If we put 7 = U ieI -L l , then L t for each t e [0, 1] is in H,^ , w .-, by Corollary 

19.111 and 7 connects $'- with L± in $7 a, , w -> which determines (ipgi)nzj p . So, 

P i£-^p 

we may put $'- = 7i, and we may assume that $ a and $'- determine the same 

Up P Up 

element (VtfOieJ, in ^g x (K 2 M, Vb)- 

As in the proof of Proposition 19.131 i/^;(gP) and V'Ji+it^" 1 " 1 ) are m the same 
component {Agi)%_. for some element ip g i in _4 g ;. Since <p* and (p n have values 
in A®i by Corollary 19.111 and they connect ^^{d 1 ) with ^j i+1 (d i+1 ), ip l and i^' 1 
have values in (*4gi)°_. . Here, note that {A^)^^ is simply connected by Table l4~3l 
Lemma 14.51 and Proposition 17.81 (3). By simply connectedness, we can obtain a 
homotopy L H (s,t) : [S + ,d i ^ 1 ] x [0, 1] -> .A°, for j e 7" as 

7"( s ,t) e (A-0^, £"(<M) = ifo(<?), L*(i,t) = ^K +1 ), 

7^5,0) = ^(s), 7"( S ,l) = ^(s) 

for s,t € [0,11. Then, 7' = U c ,-7' 2 connects $a and $'- in Ua , h/ * by 

r lt, P 

Corollarv l9.111 Therefore, we obtain a proof for the first category. Here, we remark 
that simply connectedness is critical in obtaining 7'. 

Next, we deal with R = /?(G x )'s in the second category. Assume that R/Rt = D2 
with A oq . The calculation for this case also applies for other groups in the second 
category. In this case, we have 

Dp = [b(e 2 ),V3,vo,vi,v 2 ] with v 2 ~ v 3 , I p = {2,3,4,5,6}, 

and 

(Gx)b( e °)/T7 = Di^, (G x ) b ( e i)/77 = Di, (G x ) 6 ( e 2)/77 = Z2, 

(G x ) b(e 3 ) /77 = D 1 , (G x )„o/77 = D 2 , (G x ) v i/H = D 2 , 

(G x ) v 2/H — Di, (G x ) v s/H = Di 

by Table 11.31 and tables in Section 0] From these, we especially obtain that path 
components of A s t for i = 0,1,3 are all simply connected by Proposition 17.81 (3) 
so that we would focus on [&(e 2 ), v$] to calculate 0^=-, i w \ . As in the proof for 

the first category, we may assume that two arbitrary <I> a, = lj- el - tp* and $'- = 

Uicr- f' 1 m ^n (w 1 determine the same element (V'dOie/p m ^G X (K 2 /A, Vb)- 

We would construct a homotopy L n (s, t) : [d\, d'^ 1 ] x [0, 1] — > ^4^ for i £ 17 such 
that 7' = U7' 1 satisfies 

(1) 7£€% p>(W(ji) ^ + , 

(2) 7^ = $^and7{=$^. 

First, we define 7 /2 (s,t) : d([d\J 3 _] x [0, 1]) -> ^° 2 as 

7' 2 (l/2,t) = ^- 2 (J 2 ) forte [0,1], 

L' 2 (s,0) = ip 2 (s) for se [1/2,1], 

7' 2 ( S ,l) = ^' 2 (s) for se [1/2,1], 

7' 2 (l,t) = ^> 2 (l-t) forte [0,1/2], 

7' 2 (l,t) = (^' 2 (t) forte [1/2,1]. 

Then, we can extend 7' 2 to [d+, d?_] x [0, 1] because 7' 2 on the boundary is trivial 
in ni(A® 2 ). Here, note that 7 /2 (l,t)~ 1 is in A% — Is0ff(Ff2, VV-i). If we apply 
Proposition EIIU(l) with F = F Vb \^-i {v3) and j = l,j' = 0,j" = 3, then 7' 2 (l,t) 
and reso,i V'd 3 gi ye the unique clement in Av 3 for each t e [0, 1], say -0| 3 . If we put 
V4e — 9 ' V* S3 where gt> 3 = t> 2 for some g e G x , then five maps ipg? , ip^ 3 , ipg4 > V'J 5 > 
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ij}% 6 consist of an element of Aa x (^ 2 /-^, Vb), call it $*, which determines (Wdi) ieI + 
regardless of t. With these, define other L n, s on d([d\ , df" 1 ] x [0, 1]) as 

L'\s,Q) = ip i {s), 

L*( a ,l) = <A«) 

for i = 3, 4, 5 and 

L' 3 (0,i) = V'j3(rf 3 ), 
L'\l,t) = ^{d% 

L'\Q,t) = ^(d% 

L' 4 (M) = V&V), 

L' 5 (0,t) = ^- 5 (d 5 ), 

L' 6 (l J t)=^- 1 (d B ) 

for s,(e [0, 1]. We can extend these L /l 's to [d l + , d 1 ^ 1 ] x [0, 1] because path compo- 
nents of A S i for i = 0, 1,3 are all simply connected. Then, it can be checked that 
L' t determines \&' and L' t is in O^ r w .\ by Corollary 19. Ill So, L' is a wanted 

homotopy and we obtain a proof. 

□ 



This theorem gives a proof of Theorem [Cl 

Proof of TheoremWl By Theorem 1 10. H and Lemma l6.3l f2). we obtain a proof. □ 

Theorem 10.2. If p(G x ) is one in Table\MM then 

Pvcct x ci : Vect Gx (K 2 /A,x) -> A Gx (R 2 /A, x ) * # 2 (R 2 /A, X ) 

«s injective. For each element (W c ii) ieI + in y4 Gx (R 2 /A,;y), ifte sei of the first Chern 
classes of bundles in the preimage of the element under p VGC t is equal to the set 
{x(id)(7 p fc + ko) | k £ Z} where ko is dependent on (W<j*) i£ j+. 



R/Rt 


A t 


Z 2 ,Z 4 


A=q 


Ze,Z 3 


A«q 



Table 10.2. i?'s with nontrivial cyclic R/Rt 

Proof. When R — p(G x ) is given, put 

Vb = G x x^)^ Wd-i, Fy B = G x x^^ (I/" 1 ! x W d -i) 

for each (W<j<) ie/ + <E A Gx (M 2 /A, x). We only deal with the case of R/R t — Z 2 and 
other cases are calculated in a similar way. In this case, we have 

D p = [6(e 1 ),v 2 ,» a ,6(e 3 )], (G x ) 6(el) /# = Z 2 , (G x ) 6(e2) /iJ = (id), 

{G x )b(e 3 )/H = 1*2, {G x )v 2 /H = Z 2 , (G x ) v s/H = %2 

by Table 11.31 and tables in Section 01 And, no two vertices u' and v l are in the 
same orbit by Table [TT3"1 By using these, path components of 

•^(e 1 )) -A&(g3), (^52)^^+2, {Ay3)j. J+ 2 
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for j € Z4 are all simply connected by Proposition 17.81 and 17.111 and we have 
.4g 2 = IsOir(VV-i, Vp) by Lemma FTTTl We will use these without reference in this 
proof. 

Pick an clement (V>ji)ie/ P m ^G x (K 2 /A,Vs) which determines (Wdi) ieI + by 
Lemma [9.121 Here, we may assume that tp^ 2 (v 2 ) = ■0b(g 1 )(^(e 1 )) and i/'© 3 (u 3 ) — 
4>b(s 3 )(b(e 3 ))- We explain for this. By Proposition 17. Ill the map 

A& -> (AOo,3 X (AOla . ^ H- (V V), (^2X^1))^) 

is homeomorphic, and (-4c 2 )o,3 = Iso#(VV-i, VVi) = -4 g i is path-connected so that 
elements of each component of A^ can take any values of („4 C 2)q 3 . Also, since 
vAb(gi) C Ae± by Lemma 1731 (1). we may take an element ipL 2 in the component 
{A^)^_ 2 such that tp'^ 1 ^ 2 ) — tpug 1 )^^ 1 ))- So, we may assume that 

(*) ^ 1 (« 2 ) = V6(e- 1 )(&(g 1 )). 

In the same reason, we may assume that 

(**) ^(v 3 ) = i; b(s3) (b(e 3 )). 

As in the proof of Thcorem llO.il each <&„ = U- cr -<j3 l in SI a ru/ <. is homo- 

Jt 'p 

topic to an element which determines (tp^iei ■ So, we may assume that each $£, 
determines (tp^i&i so that it satisfies 

(***) ^(1/2) = ^(1) = ^(gijCfeCe 1 )), ^ 3 (0) = ^ 3 (l/2) = ^ (e -3)(&(e 3 )) 

by (*) and (**). 

Let 12 be the map from VI2 to fl a ,„, > which sends an arbitrary <// 2 to the 

map $a = U ;cr (/3' such that 

ip l =^ b {e^{b{e 1 )), <^ 2 = </?' 2 , V 3 = ^fc(g3)(6(e 3 )) 
where f^ is defined as 

y a e C°([rf 2 + ,d 3 _],Iso ff (y / - 1 ,V> 2 )) I ^ ,2 (4) = ^(vl) and ^(d 3 .) = ^(vg)}. 
To calculate 7rn(f2A ,„, , ), we would show that 

v D P ,(W d i) , .+ *" 
itjp 

7i"o(«2) : 71-0(^2) ^7I"o(^£, p ,(W di ). +) 

is bijective because it is is easy to calculate 710(02) • 

First, we would show that each $£, = U ieI -(p l satisfying (***) is homotopic 

to an element $'- — \J ieI -ip' % in Oa t w .\ such that ip 11 = ■06(e 1 )(^(e 1 )), 

</?' 3 = V'b(g3)(^(e 3 )), and $'- determines (ipa*)iei P -> i- e - surjectiveness of 7To(«2)- For 

this, we construct a homotopy L l (s,t) : [d? + ,d?_] x [0,1] — > A Q si for i £ I~ such 
that the homotopy L = U ieI -L l satisfies 

(1) L t e Oft ,(w ,). + for cach f e t°' !]' 

i€I p 

(2) Lq = <&jj , and L\ is constant except [d^jd 3 .], 

(3) L\ determines (V'dOieV 
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Define L l (s,t) : <9([cf + ,dl +1 ] x [0, 1]) -> A% for i = 1,3 as 

L\\,t) = L\s,l) = y l {\) for*e[i 1], 
L 1 ( S ,0) = <^ 1 (s) for.se[|,l], 

L 1 (l,t) = V 1 (l-5*). 

L 3 (i,i) = L 3 ( S ,l) = ^ 3 (i) for.sG[0,i], 

L 3 (s,0) = ^ 3 (s) for.se[0, §], 

L 3 (0,t) = ^ 3 (±i) 

for i e [0, 1], and define a homotopy L l (s, t) : [d\, d^ 1 ] x [0, 1] -¥ A% for i = 2 as 

i 2 (s,t)=7 2 ((l-3s)t) forse [0 ±], 
L 2 (s,t) = ^ 2 (3s-1) forse[i|], 
L 2 (s,i)=7 3 ((3s-2)i) forse[|,l] 

where 



7 2 :[0,l]^IsoH(V f _ 1 ,V f2 ), ^(^(t^lMw?)) V(l-|*), 
73 : [O^J^Isoh^/-!,^), i^^ 3 (« 3 )V- S 3(i; 3 V 3 (ii). 

By (***), L 4 's arc well defined, and we can easily extend L"s to the whole [d l + , d_] x 
[0, 1]. If we define pointwise preclutching maps i/)i 2 , ^^ for t € [0, 1] as 

then they are contained in *4 2, _A C 3 by Proposition 17. Ill respectively. And, Lt de- 
termines {V'b(g 1 )j V , c2j'0c3 7 ^(e 3 )} an d it is contained in Q^ < w ■, by Corollary 

19.111 So, it is easily checked that L is a wanted homotopy. 

Next, for two $ a = U, cr -»*, $'- = U,,-^" in Aa , w x such that 

(1) $£, p and$^ determine (ip^)i^i p , 

(2) ^l^ = / h(gl) (6(?))fori = l,3, 

assume that there exists a homotopy L n (s,t) : [d 1 ^,^ 1 ] x [0, 1] —¥ A® t for i G I~ 
such that L' = U igI - L /l satisfies 

(!) i* e ^ p ,(^). eJ+ for cach * e [o. !]. 
(2) L& = * Ap andI?=4' v 

Then, we would show that there exists a homotopy L" l (s,t) : [d\ , d 1 ^ 1 ] x [0, 1] — ¥ 
A% for i e I~ such that L" = U ie/ - £"' satisfies 

(1) L'l G n^ i(W||J ) 46/+ for each * e [°: !]< 

(2) ^' = $^andLi ; =$^. 

(3) LJ /1 = i/Ve-)0(e 1 )) for each t e [0, 1] and i = 1,3, 

(4) L'l determines (tpd^ieip f° r cacn * G [0, 1], 

i.e. injectiveness of 7ro(z2). To begin with, we would show that [L' 2 (0,t)j and 

[L' 2 (l,t)] are trivial in tti( Iso H (Vf-i,Vp)). Note that [L /:L (±,£)] is trivial in tti ( Isoij ( Vf_ 1, Vji)) 

because [L /:L (i,i)] is in the trivial 7ri((„4b(gi))° x ) where we regard [L' 1 ^,^)] as a 

loop. From this, we obtain that [L /:l (l,t)] is trivial in 7Ti(lsOfl-(Vr-i, V?i)j because 

L n (s,t) for £ = 0, 1 is constant and L' 1 is defined over [cq.,^ 2 ,] x [0,1]. Let L' t 
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determine (V4)ie/ P in A Gx (R 2 /A, V B ) for t e [0, 1] so that 

(****) L /2 (o,t) = WAvlWAvDy'L' 1 ^), 

Here, [(^(v 2 )^^ 2 )) ] 1S trivial in 7Ti ( Iso# (V? i , Vp)) because it is contained 
in 7Ti ((Ay2)i 3) an d each component of (A^i 3 is simply connected by Proposition 
ITTT1 From this and (****), triviality of [L a '(l,t)] gives triviality of [L' 2 (0,t)} in 
7Ti ( Isoh {Vf-i , Vp)) . In the same reason, [Z/ 2 (l, £)] is trivial in m ( Isoh(VV-i , Vp)) . 
By triviality, there exist two homotopies F*(s,t) : [0, 1] x [0, 1] — > Isoh(Vj-i, Vp) 
for i = 2, 3 such that 

F 2 ( S ,0) = F 2 (s,l) = F 2 (0,t) = ^(v 2 ), 

F 2 (l 7 t)=L' 2 (0 7 t), 

F 3 ( S ,0) = F 3 ( S ,1) = ^ 3 (l,t) = ^(vg). 

F 3 (0,i) = i' 2 (l,t), 

Then, we construct a wanted homotopy L" as 

J L" 2 (s,i)=-F ,2 (3s,i) forse[0,|], 

L" 2 (s,f) = L /2 (3s-l,*) for se [i,|], 
J L" 2 (s,i)=F 3 (3s-2,i) forse[|,l], 

Since 1*0(12) is bijective and ^0(^2) is in one-to-one correspondence with 7ri(IsOij(VV-i , Vp)) 
by Lemma 15731 we have •Ko(p,f ) t w .) ) — ^i(^S0H(Vpi ,Vp)) which is isomor- 

iei p 

phic to Z by Lemma [8.11 As in the proof of |Ki[ Theorem A.], it can be shown 
that Chern classes of equivariant vector bundles determined by different classes in 
iro^fljj i w ) ) are a ll different, and the statement on the set of possible Chern 

ieip 

classes is obtained. Here, we use the fact the p{G x )-action on R 2 /A is orient- 
preserving and the cardinality of the G x -orbit of b(e 2 ) is equal to l p . Then, we 
obtain a proof by Lemma 16.31 □ 



11. The case of R/R t = (id), Di with Ac + c = l 

In this section, we calculate homotopy of equivariant clutching maps in cases of 
R/Rt = (id),Di with Ac + c = Iq. First, we show that we only have to consider 
equivariant clutching maps with a simple form. Then, we give a discrimination 
on whether two equivariant clutching maps with the simple form are equivariantly 
nomotopic or not. With these, we can calculate homotopy of equivariant clutching 
maps in the case of R/Rt = (id). But, in the case of R/Rt = Di with Ac + c = Iq, 
Lemma 16.31 is not applied and we should also consider G x -isomorphisms in addition 
to equivariant clutching maps as in cases of p{G x ) =Z„xZ with odd n or (— a n ) 
with even n/2 of |Kij . 

In these two cases, D p — [v 2 ,v 3 ,v°] with v l ~ v l and (G x ) x = H for each 
x 6 M 2 /A by TableOand tables in SectionlU For each (W d i) ieI + in A Gx (R 2 /A, X ), 
put 

V B = G x x^)^ W d -i, F Vb = G x y. (Gx)d ^ [\r l \ x W d -.). 
Since V* = W4-1 for each / £ K, p in these cases, we may assume that all VVs are 
the same as iJ-representation and Isojj(VV-i, Vp) — Isojj(Vj-i). By this, A®, = 
Isoh-(VV-i), and Corollary 19. Ill is rewritten as follows: 
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Lemma 11.1. A preclutching map $^ = ip 2 U p> 3 in C°(D p ,Vb) is contained in 
Qjj i W \ if and only if ip % 's are Isoh(Vjt-i) -valued and 

t£i p 

(*) ^(l)- 1 • go^ar'go 1 • srV 2 (o)<?i • ^ 3 (o) = id or 

/(1) _1 • {929i)^{l){929i)- 1 ■ 50 V(0)<?i • ^ 3 (0) = id 
according to R/ Rt = (id) or Di with Ac + c = Iq, respectively. 

Proof. We prove this lemma only for the case of R/Rt — id because proof for 
another case is similar. We would prove that $a = ip 2 U p 3 is in the set of 

Corollarv l9.11l if and only if p> l, s are IsOiy(VV_i)- valued and they satisfy (*). Since 
A a si = Isoh{Vc-i), the condition p l (x) £ A\i of Corollary 19.111 holds if and only 
if <p l, s are Isoh (Vj-i)-valued. So, we do not need pay attention to this condition. 
First, we prove sufficiency. Corollary 19. 1 II savs that 

^(Q)=^(v 2 ), ^ 2 (1) = ^- 3 V), 

^(o) = ^ 3 (v 3 ), ^ 3 (i) = vvV) 

for some (0^06/p in Ag x (M. 2 /A, V B ). Since ip& = Si • 0c 3 and ip$o = g^ 1 • C 3, 
0* 3 = id is expressed as (*). For necessity, define a pointwise preclutching map C 3 
as 

^(v 3 ) = <^ 3 (0), ^(v 3 ) = jtV(0)si, 

^(v 3 ) = g v 3 (l)" 1 ^ 1 , lM«f) = ^(l)- 1 . 

Then, (*) says that "0c 3 is in *4 S 3 by Proposition 17. 12l If we put C 2 = gi ■ tp^ and 

0o° — 9o~ ' 0c 3 > then it is easily checked that tp l, s are in the set of Corollary 19. Ill 

Therefore, we obtain a proof. □ 

Given (W d i) iGl +, we would pick a simple (V , d*)ie/ P in Ag x (J$? / h, Vb) which 
determines (W<j*) ie7 + as follows: 

Lemma 11.2. For each (W#) ieI + in Aq (R 2 /A, x), there exists the unique ("0ji)ie/ 



in Aq (K 2 /A, Vb) which determines (W c [i) ieI + and satisfies 



^ 2 (v 2 )=^ 1 (v 3 )=^s(v 3 )=id. 

Proof. Since (G x ) x = H for each x £ R 2 /A, we note that W^'s are all isomorphic 
^-representations and any element of Ax for any x determines the same W^-i. 

First, we prove existence. Since v l ~ v l , it suffices to construct a suitable 
element in Ay3 . Define O 3 as 

4>v3(v 3 ) = id, 

ipvs(vl) =gf 1 idgi, 

^(vf) = id , 

(*) 0c 3 fe 3 ) = ^ 3 (^)- 1 ^3(#)- 1 Vfi3(v 1 3 )- 1 . 

Here, the expression g0 id<?i might seem awkward, but two gi's act on different 
spaces because id is an element of Iso(Vf-i , Vp). So, <j>0 1 id g\ needs not be equal to 
id . By Proposition [7321 "0c 3 is contained in A B 3 . Other maps C 2 1 "0c are obtained 
by group action from C 3 so that (V'dOie/,, is contained in Aq (M. 2 /A, Vb). Since 
V'iJ 3 (^i) — 50 id .9i and O 2 = gi ■ O 3, we obtain C 2(v 2 ) — id so that (V'dOie/p 
satisfies the lemma. 

Uniqueness is easy. Since 0. O 2 = 5i ' 0c 3 j the condition C 2(-D 2 ) = id gives 
ipy3(vf) = g^ 1 idgi. And, 0^ 3 = id gives (*). So, -0c 3 in the above is the unique 
map to satisfy the lemma. Other maps C 2 , c o are uniquely obtained by group 
action from C 3 . □ 
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For the unique element (V'dOie-fp °f Lemma [11. 21 put cq = tp-^(v°). So, if $£ = 
<p 2 U ip 3 in O j=j ™ s determines (ipd^ieipi then we have 

^ 2 (0)-^ 2 (l)-^ 3 (0)-id, ^ 3 (l)=c . 

Pick a loop ct : [0,1] — > Iso_y(Vj-i) with cr(0) = cr(l) = id such that [a] is a 
generator of 7Ti(Iso# (V>-i)) where 7Ti(Isoh(VV-i)) = Z by Lemma [8.11 and pick 
a path 70 : [0,1] — » IsOij(Vf-i) with 70 (0) = id and 70(1) = c . To calculate 
irofojj ( W ,\ ), we might consider only $^ 's with the following simple form: 

tGJp 

Lemma 11.3. In the case of R/Rt = (id) or Di with Ac+c — Iq, any $^ = ip 2 U(p 3 
in flp , w % is homotopic to some $'- = ip' 2 U <y3 /3 which satisfies ip' 2 = id, 

(^' 3 = a .70 /or some fc e Z. 

Proof. We only prove the case of i?/i?* = Di with Ac + c = Jo because proofs 
are similar. First, we would construct a homotopy L l (s : t) : [d l + , ofj -1 ] x [0,1] — > 
Iso(VV-i) for each i 6 I~ = {2,3} such that the homotopy L = L 2 U L 3 satisfies 

(1) L 4 € ^£, p , (Wdi)igj+ for each t e [0, 1], 

(2) L = $£, and if = id, 

(3) L 3 (0, 1) = id and L 3 (l, 1) = c . 

Let 7 J : [0, 1] -» Iso#(Vf-i) for j = 2,3 be paths satisfying 7 2 (0) = ^ 2 (0), 7 3 (0) = 
tp 3 (0), 7 l (l) = id. Define I? on ^([d^o? 3 ] x [0, 1]) as 

L 2 {s,Q) = <p 2 (s) for se [0,1], 

L 2 (0,t)=-f 2 (t) for te [0,1], 

L 2 (s, 1) = id for se [0,1], 

L 2 (l,t) = ip 2 (l-2t) forte [0,±], 

L 2 (l,t)=7 2 (2t-1) forte[i,l], 

and define L 3 on ([dl,d°_] x 0) U (d[d\,dP_] x [0, 1]) as 

L 3 (s,0)=<p 3 (s), 

L 3 (0,t)= 7 3 W, 
(11.1) ( 32 ffi)i 3 (l, OGfctt)" 1 - L 2 (l, t) ■ L 3 (0, t)- 1 ■ g^L 2 (0, ty 1 g 1 

for each s, i. Then, we can extend these to the whole D p x [0, 1] to obtain a wanted 

^ p ^ 2 U^ 3 in^ p(H ^ w 

= tp' 2 U (p' 3 which satisfies y/ 2 = id, <^' 3 (0) ; 

Ji+ll 



homotopy L by Lemma 111 .11 So, any $^, — ip 2 Ucp 3 in 51^ ™ ., is homotopic 

^eIp 

to some $'- = <^>' 2 U <p' 3 which satisfies <p' 2 = id, <^' 3 (0) = id, p' 3 (l) = c . 



Next, we would construct a homotopy L n {s,t) : [d l +1 d_ ] x [0,1] — > Iso(Vjt-i) 
for each i e 7~ so that the homotopy 1/ = L' 2 U L' 3 satisfies 

(1) L' t € fi* w .-, for each i e [0, 1], 

(2) L = $' 6 and L' 2 = id, 

(3) i' 3 (0,i) = id, L' 3 (l,t) = c , if = a k .70 for some fc e Z. 

Since [ [0, 1],0, 1;Isoh(Vj-i), id, c ] = 7ri(IsOij(Vy-i)) bv Lemma l8.3l and each class 
is represented by a fc .7o for some fc e Z, a wanted 1/ is easily obtained. Therefore, 
we obtain a proof. □ 

We can determine whether two arbitrary $^, and $'- with the simple form are 
equivariantly homotopic or not. 
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Lemma 11.4. In the case ofR/R t — (id) or Di with Ac+c = Zq, let&p — tp 2 Uip 3 
and $'- = ip' 2 \J ip' 3 inflf, , w -. satisfy 

D p ±JpA vv di> ieI + 

if 2 = ip 12 = id, ip 3 = o- fc . 7o , if' 3 = cr fc '.7o 
/or some k, k' £ Z. Then, two $^, and $'- are homotopic in 57^, / w . ■> if and 

only if k — k! or k = k' mod 2 according to R/Rt = (id) or Di wit/i Ac + c = Iq, 
respectively. 

Proof. We only prove the case of R/Rt — Di with Ac + c — lo because proofs are 
similar. 

First, we prove sufficiency. Let L = L 2 U L 3 be a homotopy between <J?^, and 
$'. in £7 a w , . Lemma \1 1 . II gives 

(*) g^L 2 (0,t) gi • L 3 (0,i) • L 2 {l,t)- X ■ (g 29l )L 3 (l 1 t)(g 2 g 1 )- 1 = id 

for each t because L t £ fl^ , w •. . Since I? is defined on [cq_,or_] x [0, 1] and 

d '£I p 

L 2 (s,t) = id for £ = 0,1, we have [L 2 (0,£)] = [L 2 (l,£)] when they are regarded as 
elements in 7Ti(Iso#(Vj-i)). Then, (*) says that 

(**) [L 3 (l,t)] = [L 3 (0,t)- 1 ] 

in 7Ti(Isojj(Vj-i)). Since L 3 is defined over [d+,fl!_] x [0,1], the homotopy L 3 on 
<9([d^,d°J x [0,1]) is trivial in 7Ti(Iso#(Vf-i)). From this and (**), we obtain a 
proof of sufficiency. 

Next, we prove necessity. Let I = (k — k')/2. We would define a homotopy 
L = L 2 U L 3 connecting $f, and $' A in fifi ™ \ • Define L 2 (s,t) = id, and 

b d p Dp D p ,(W d i) ieI+ V > ) 

define L 3 (s,t) : d([d\,dP_] X [0,1]) -> „4° 3 as 

L 3 ( S ,0) = ^ 3 ( S ), 
L 3 ( S ,1) = ^' 3 ( S ), 
L 3 (0,£) = cx'(£), 

(***) (325i)£ 3 (l, t)(9 2 gi)- 1 = ( g^L 2 (0, t) 9l ■ i 3 (0, £) • L 2 (l, t)" 1 ) "' 

which satisfies (*). Since L 2 = id, (***) gives [£ 3 (l,i)] = [£ 3 (0,*) _1 ] = [v~ l (t)] in 
7Ti(Isoh(V)>-i)). Then, it is checked that the homotopy L 3 on d([d+,dP.] x [0,1]) 
is trivial in 7Ti(Iso#(Vf-i)). So, we can extend L 3 to the whole [d+,flr] x [0,1]. 
Therefore, we obtain a proof. □ 

By using these lemmas, we can calculate 7To f^x> (w ■) )■ 

iei p 

Theorem 11.5. In the case of R/Rt = (id), 

Pvcct x ci : Vect Gx (M 2 /A, x ) -> A Gx (R 2 /A, x ) x F 2 (M 2 /A, X ) 

is injective. For each element (Wd«) ieJ + m A Gx (R 2 /A, X ), £/ie sei of the first Chern 
classes of bundles in the preimage of the element under p vcc t is equal to the set 
{ X (id)(Z p fc + fco) | k £ Z} where fco is dependent on (W^i) iG/ +. 

Proof. First, we prove that ttq^Qjj , w -, ) is in one-to-one correspondence with 

zeI p 
Z. By Lemma Til .31 we may assume that arbitrary two $£, = ip 2 U ip 3 and $'- = 

(yj' 2 U y' 3 in Oft (w; .) + satisfy 

<p 2 =cp' 2 = id, ip 3 =(T k . l0 , tp' 3 = o- k '.J 
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for some k, k' £ Z. By Lemma Til. 41 $^ is homotopic to $'- if and only if k = k' . 
So, we obtain 

As in Theorem 110.21 the statement on Chern classes is obtained. Therefore, we 
obtain a proof by Lemma 16.31 □ 

Now, we can prove Theorem [Al 

Proof. Theorem 110.21 and Theorem 111.51 give a prove Theorem [A] □ 

Now, we deal with the case of R/Rt — Di with Ac + c = Iq. 

Proposition 11.6. In the case of R/Rt = Di with Ac + c = Iq, the homotopy 
irolflp i w \ ) for each element {W l ] i i) i( - I + in Ag x (IR 2 /A, x) has two elements 

which give equivariant vector bundles with the same Chern class. 

Proof. First, we obtain that ttq^H,^ , w , ) has two elements for each {W ( [i) ieI + 

ieI p 

£ Ag x (R 2 /A,x) similarly to the proof of Theorem [TTT5] 

To prove the second statement of the proposition, let $^ = ip 2 Uip 3 in fi^, i w \ 

ieip 

be the element to satisfy 

ip 2 = id and ip 3 = a k .70 

for some k £ Z. We would show that the Chern class of the bundle E d p is in- 
dependent of k as in the proof of [Ki[ Theorem C.]. To resemble the proof, we 
need merge trivializations over a pair of faces as explained in the below. Denote 
by |/ _1 | U c \f 2 \ the quotient of the disjoint union |/ _1 | II |/ 2 | by the identifica- 
tion of two points P\Mx) in |/ _1 | and J?|£|(|c|(a;)) in |/ 2 | for each x in |e 2 |. Since 
ip 2 = id, trivializations of Fy B over |/ _1 | and |/ 2 | merge into a trivialization over 
l/ _1 | U c |/ 2 |. Pick g k 's in G x such that 

K 2 M = 7:(g 1 \f- 1 \U c g 1 \f 2 \)\J---\Jn[g l(> \r 1 \^9i \P\) 

for k = 1, • • • Jo where Iq = |A t /A| and gi = id. Similar to l/^ 1 ! U c |/ 2 |, trivializa- 
tions of Fv B over gk\f~ x \ and gk\f 2 \ are merged through gk^gf/. 1 ■ By using these 
trivializations, we calculate Chern class. 

Let $ in Oy B be the extension of <!>£, . Since |e 3 | U <?Jj _1 <?2 |c| (|e 3 |) give an edge 
of |/ _1 | U c |/ 2 |, we investigate $ on it to calculate Chern class. Recall that we 
parameterize |e 3 | by s £ [0,1] so that Vq + = and Vq _ = 1. By using this, 
parameterize <7 n _1 <72|c| (|e 3 1) with [—1,0] to satisfy g^ 1 g2(\c\(x)) = s — 1 for each 
X = s in |e 3 | with s £ [0, 1]. Then, $(s — 1) for s £ [0, 1] is equal to 

fcCrtlcK*)) = 9i 1 92H\c\{s))g^ 1 g l 
= 9i 1 92^(s)- 1 g^ 1 g 1 

= 9i 1 92((J k -lo)(sy 1 92 1 9i- 

Here, note that $(—1) = g^gz'x&g^gi- Since $(s) = a k .j (s) on |e 3 | and $(s — 
1) = ,gf 1 g2{o rk -'~fo)(s)~ 1 g2 1 gi on 9i 1 92\c\(\e 3 \) merge to cancel each other regardless 
of k in the level of 

[-l,l],-l,l;Isoff(V/-i),5f 1 5 2 idfl£' 1 5i,c<) 
Chern class of 25 °p is independent of fc £ Z. This gives a proof. □ 
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Since elements in 7Tq (^i^, , w % ) are not discriminated by their Chern classes, 

zeI p __ 

we need to consider G x -isomorphisms by Proposition l6.2l In the case of R/Rt = Di 

with Ac + c = Iq, (G x ) x = H for each x £ M 2 /A and G x acts transitively on 
B so that any iJ-isomorphism of (jes H x -FV B )||f-ii, which is just a function from 
\f~ 1 \ to IsOiy(Vj-i), can be equivariantly extended to G x -isomorphism of Fy B over 
the whole \/C p \. In this extension, we need restrict our arguments to |9/ _1 | or 
C p because G x -isomorphisms are related with equivariant clutching maps which 
are defined on C p . A map 9 : \df~ x \ — > Iso#(Vjt-i) can be extended to an H- 

— Q 

isomorphism 9 of (res ff x -FV B )||/-i| if W\ is trivial in 7Ti(Iso#(Vj-i)). For such a 9, 
define 9 l : \e l \ — >• 1soh{Vj;-i) as the function 9 l (s) — 9\\ S i\(p\£\(s)) for each i £ Z ip 
and s £ |e*|. For 9 and an extension 9 such that 9 = 9\\ d f-i\, there exists the 
G x -isomorphism of Fy B which extends 9 to the whole \JC P \. An G x -isomorphism 
of F Vb satisfying the condition (p*^,6)$(p*^|6) _1 = <f>' of Proposition 16.21 has a 

simple form at |<9/ -1 | as follows: 

Lemma 11.7. Assume that R/Rt = Di with Ac + c = l$. Let $^, = tp 2 U tp 3 and 
$'- = to U ip' 3 be elements in f2 a , w -, such that 

D p r T D p ,{W d i) + 

^tzlp 

(11.2) cp 2 = lf > 2 =id, ^ 3 (0) = ^' 3 (0) = id, ^ 3 (l) = ^ 3 (l) = c , 

and /ei $ and "J?' oe i/ie extensions of $^ and <&'- , respectively. Let Q be a 
G x -isomorphism of Fy B satisfying (p*?,,®)^^?^,®)^ 1 = $'. Then, there exists a 
G x -isomorphism 0' of Fy B which still satisfies (p*^|0')$(p*£,O') _1 = $' and also 
satisfies Q'(v l ) = id /or eac/i i. 

Proof. First, we show that Q(v°) determines 0(u l ) for i — 1, 2, 3. Put 9 = 0|i a j_ii. 
By equivariance of 0, PjV|0 on |c(e 2 )| U |c(e 3 )| is calculated as follows: 

(11.3) p* £] Q(s) = pfa&(x) = 92P\c\Q{92 l i)92 1 ^ s = x € |c(e 2 )| 

= g 2 9 {l-s)g 2 \ 
p* £| 0(s) = pfa@(x) = gi 1 pJ £l Q{gix)g 1 for s = x £ |c(e 3 )| 

7i 

where we recall that we parameterize each edge c(e % ) linearly by s £ [0, 1] so that 
\c\(s) — 1 - s for s £ \e l \. On D p , the condition (p*^,©)^^*^,©) -1 = <f>' is written 
as 

(11.4) 92e°(s)g^ V 2 (s) 9 2 {s)- 1 = v ' 2 (s), 
g^e\l-s)g 1 ^{s)e\s)- 1 = ^{s) 

by using (|1 1 .3|) . By applying (|11.2[) and substituting s = 0, 1 to these, we obtain 

9 2e°(o)g^ = e 2 (o), g2 e°(i)g^ = e 2 (i), 

g^(l) gi = 9 3 (0), g^e\Q)g x = c 9 3 (l)c^\ 
That is, 
r , i * 929{f)9i l = 9{v 2 ), g29(v 1 )g^ 1 = 9(v 3 ), 

These show that 9(v°) determines 9(v l ) for i = 1,2, 3. Let us express these relations 
by three maps. Define S l : lsOff(Vj-i) — > Isoh(VV-i) for i — 1, 2, 3 as 

A^ gxeoAc^g^ 1 , g 2 Ag 2 ~ 1 , g^ 1 g 2 Ag^ 1 g 1 , 



9i 1 0\s)g 1 
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respectively. Note that S i (9(v Q j) = 9(v l ) for i = 1,2,3 by (fTT3)l . Let 7 : [0, 1] ->■ 
IsOfl-(V^-i) be a path such that 7(0) = id and 7(1) = 9(v°). By using these, we 
would define a new map 9' : |9/ _1 | — > Isoh{Vc-i) from which an extension O' will 
be obtained. If we define 6 n : \e l \ — > Iso#(Vj-i) for i = 0,3 as 

0'°(s) = 7(3s) for s 6 [0,1/3], 

9'°{s) = 9°(3s - 1) for s e [1/3, 2/3], 

6>°(s) = <5 X (7(3 - 3s)) for s € [2/3, 1], 

0%s) = 5 3 ( 7 (3s)) for s € [0, 1/3], 

6> /3 (s) = 6» 3 (3s - 1) for s € [1/3, 2/3], 

6»' 3 (s) =7(3 -3s) for se [2/3, 1], 

then it is easily checked that both are well defined and 

e'°(s) = id, e» ,3 (s) = id 

for s = 0, 1. If we define 9' 1 and 9' 2 by substituting four 9 H, s for 0''s in (jll.41) . 
then 9 H 's give the map 9' : l^/" 1 ! -> IsOhO/-i) satisfying 0'*O) = 0'||gi|O|£|(») 
for each i and s. Similarly, if we define 9' t : Idf^ 1 ] — > Isoh(VV-i) by using 74 (s) = 

7(1 — t(l — s) ) instead of 7 in definition of 9' , then it gives a homotopy between 
6* and 9' . So, [0] = [6*'] in iri(Isc>H(Vf-i)) is trivial, and 9' can be extended to the 
whole \K, P \. If 8' is an extension of 9' , then 0'(z?) = id for each i by definition of 
9' and also (p^e')*^©') -1 = $' because 0' satisfies EH Therefore, 6' is a 
wanted ii-isomorphism. □ 

Now, we can finish classification. 

Theorem 11.8. In the case of R/R t = Di with Ac + c = Iq, the preimage of each 
(W c ii) i( - I + in Ag x (IR 2 /A, x) under p vcct has two elements. 

Proof. By Proposition 111.61 ttq^^ r w .\ ) has two elements [$^, ] 7^ [$'- ]. 

iei p ^ p 

We would show that they determine non-isomorphic equivariant bundles. We may 
assume that $£, = ip 2 U ip 3 , $'- = ip' 2 U <^' 3 with </j 2 = ip' 2 = id, </J 3 (s) = 

cr fc .7o, V?' 3 (s) = cr* .70 for some k, k' <E Z by Lemma 111.31 By Lemma 111.41 k 
is not congruent to k' modulo 2. Let $ and <&' be the extensions of "J?^, and 

<&'- , respectively. Assume that two bundles E® and E 1 * are G x -isomorphic, i.e. 
(pr £ |6)$(p*2|6) _1 = $' for some 9 by Proposition 16.21 By Lemma Hi .71 we may 
assume that Q(v l ) = id for each i. Put 9 = 0| ig/-ii. Formula (|11.4p says that 
[0°(s)] = [9 2 {s)] in ttiCIsohCV^-i)) because <p 2 = ip' 2 = id. This gives [^(s)] = 
[# 3 (s)] mod 2 in 7Ti(IsOiy(VV_i)) because [0] is trivial in 7Ti(Iso#-(Vj-i)). From this, 
k = k' mod 2 because g^ 1 9 1 (l - s) gi tp 3 (s) 9 3 {s)- 1 = ip' 3 (s) by (TTOj) . This is 
a contradiction. Therefore, E* and E* are not G x -isomorphic and we obtain a 
proof. □ 

In summary, we obtain a proof of Theorem IB"1 

Proof. Proposition 111.61 and Theorem 111.81 gives a proof of Theorem [B] □ 

References 

[CKMS] J.-H. Cho, S. S. Kim, M. Masuda, D. Y. Suh, Classification of Equivariant Complex 

Vector Bundles over a Circle, J. Math. Kyoto Univ. 41 (2001), 517-534. 
[Ki] M. K. Kim, Classification of equivariant vector bundles over two-sphere, preprint. 
[Ki2] M. K. Kim, Classification of equivariant vector bundles over Klein bottle, preprint. 



EQUIVARIANT VECTOR BUNDLES OVER TWO-TORUS 45 

Department of Mathematics Education, Gyeongin National University of Education, 
San 59-12, Gyesan-dong, Gyeyang-gu, Incheon, 407-753, Korea 
E-mail address: mkkim@kias.re.kr 



